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Lecture 1

1. According to the Standard Model of particle physics, matter is constituted out of leptons and
quarks. These particles have half integer spin and therefore enjoy fermionic statistics. Forces
are mediated by the photon (QED), the W* and Z (weak force), the gluons (QCD, or the
strong interaction), and the Higgs field, which endows particles with mass. All the force carriers
are bosons. They have integer spin. Supersymmetry is a conjectured symmetry of Nature that
posits that for every bosonic degree of freedom, there is fermionic degree of freedom and vice
versa. In unbroken supersymmetry, each particle has a superpartner that is mass degenerate
and whose spin differs by % All of the other quantum numbers are the same.

The superpartner of the electron field is the selectron or scalar electron field (spin-0), while the
superpartner of the photon field is the photino field (spin—%). Since we do not see a massless
photino or a selectron with mass 0.511 MeV, supersymmetry, if it exists, is broken in Nature.

2. We should ask ourselves: why supersymmetry? The Coleman—Mandula no go theorem demon-
strates that the S-matrix of a quantum field theory only allows spacetime and internal symme-
tries to be combined in a trivial manner. The conserved quantities are the generators of the
Poincaré group and Lorentz scalars. Supersymmetry evades the Coleman—Mandula theorem
by introducing additional generators of symmetries, the supercharges, which are spinors. The
Poincaré algebra is enhanced to a Lie superalgebra. Notably, in (3 + 1)-dimensions, we have

{Qu @3} =2(0") 3 P Pu=—id, &
where (), and @B are fermionic generators with indices that run from 1,2. Roughly speaking,

Q|boson) = |fermion) , Q|fermion) = |boson) . (2)

From the perspective of particle physics, supersymmetry addresses the gauge hierarchy problem
and presents WIMP candidates for the dark matter that comprises some 27% of the energy
density in the visible Universe.

The Higgs potential resembles a Mexican hat:

V(¢) = —u(A)?¢T6 + A(A)(¢19)” . (3)
The couplings are a function of the energy scale at which we probe the theory. The field achieves

. 1(0)
(¢) = NoYO!

for energies much smaller than the ultraviolet cutoff A. For A ~ 1, the renormalized mass
w(0) ~ Mgw ~ 10?2 GeV. The electroweak scale is where SU(2);, x U(1)y is broken to U(1)gm
by the Higgs effect. We may compute 1(0) from the Feynman diagrams in Figure 1.

Figure 1: One loop Higgs mass renormalization.

its minimum not at zero but at

(4)
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Each of the diagrams corresponding to radiative corrections is quadratically divergent. We find
that
12(0) = p2(A) + A% (el AM(A) + cag*(A) +..) . (5)

Because the Standard Model is an effective theory, we must integrate in physics as we approach
the cutoff. Let’s suppose new physics enters at A = Mx ~ 1016 GeV, corresponding, say, to the
grand unification scale. Then

p2(0) _ pP(Mx)

2 28
MM + (M Mx) +c2g”(Mx) +...) ~ 1077 . (6)

There is a scarcely credible, highly unnatural fine tuning between the bare mass and the radiative
corrections to accomplish this detailed cancellation. What physics explains why the electroweak
scale is so much smaller than the fundamental scale in the theory? This is the gauge hierarchy
problem.

We know that fermionic loops have a minus sign relative to bosonic loops. Invoking supersym-
metry, we have, for example, the Feynman diagrams in Figure 2 involving top quarks and their
stop superpartners. These diagrams exactly cancel! In fact, with soft supersymmetry breaking,
we do not encounter ultraviolet divergences in scalar masses.

Figure 2: The top and stop one loop diagrams cancel.

While there are hundreds or perhaps thousands of putative models, the mechanism Nature
actually employs remains elusive. If R-parity is a symmetry of a supersymmetric extension of
the Standard Model, the lightest superpartner is stable. This provides a candidate for weakly
interacting cold dark matter. To date, there is no observational evidence for supersymmetry
at the scales accessible to experiments. In the absence of supersymmetry, some degree of fine
tuning may be necessary.

3. Let us promote the standard coordinates to superspace:
at — (2, 0,,04) . (7)
Note that § and § are Grassmann quantities. This means, for example, that
005 = —030,, . (8)

Integration over 6, 6 is the same as differentiation.

We define the covariant derivatives and supercharges as follows:

0 —& — 0
Do = = +1i(0")50 Oy Do =——5—1i0"(0") 15 O (9)
ol K 90 a
Qu= -2 _i(om). . 5% 0s= -2 i (") 8 (10)
« oo [e%e7 Hoo [} 8@0{ ac TH
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The supersymmetry generators Q and @ define the supertranslations
(:Lﬂua 9047 aa) — (-T'u + 7;90-#5 - ’Lfo"“g’ ea + éavgd + ga) ) (11)
where we have suppressed some indices in the obvious way. By acting on test functions, we
deduce that
{Qanﬁ} - {QoﬁQﬁ} :0 9 {Qand} :2(Uu)ad PM . (12)
The covariant derivatives also anticommute with the supersymmetry generators.
The minimal supersymmetry theory in four dimensions, so called N’ = 1 supersymmetry, has

four supercharges. Extended supersymmetry comes in different varieties: N = 2, which has
eight supercharges, and A/ = 4, which has sixteen supercharges. We have the algebra

—~I =Jy = =IJ —J
{Qe: Q) =CapZ" . {QaQ3}=CupyZ ", {Q4, Qi) =2(0")a B0, (13)
where we have introduced central charges. In extended theories, there is a non-Abelian R-
symmetry that lets us rotate the charges into each other. The maximal N' = 4 super-Yang—Mills

theory has a massless vector field, four Weyl fermions, and six scalars. This is secretly a theory
of gravity and represents an entry into a vast subject known as the AdS/CFT correspondence.

We should think of superfields as functions on superspace. As the Grassmann variables anti-
commute, the Taylor expansion terminates, and we can write a general superfield as

O(,0,0) = ¢+ 00 + Ox + 02F + 0°G + 000 A,, + 00X + 00°C + 0%0°D . (14)

Counting parameters, we have bosonic variables ¢(z), F(x), G(z), Au(x), and D(zx) along with
fermionic variables ¥(x), X(z), AM(z), and ((x). The latter are two component Weyl spinors, so
in total there are eight bosonic degrees of freedom and eight fermionic degrees of freedom.

A chiral superfield is one for which
Dg® =0 . (15)
We notice that Dy kills 8¢ and also y* = z* + i6c*0. Thus,
= D(y,0) = dy) + V200(y) + 6*F(y)

= ¢+i00"00,¢ + %02528% + V200 — %92(9”0/@ + 6%F . (16)

Similarly, we define antichiral superfields as those for which D,® = 0.

4. Consider a functional K(®, ®). Suppose we define a metric by taking derivatives with respect
to the scalar components of the chiral and antichiral superfields:

7 0 0
9mn = 6m6%’c(¢ma$n) ) Om = W , Og= ?ﬁ . (17)
Given this metric, we may construct a Levi-Civita connection and from there the Riemann
tensor. Then, on shell,

- . =T m 1 mp—
£5 [ 40K = ~gum0,0" 9" ~ iguit T Dl + Rt ™ T . (18)
where
D™ = 0™ + T'7,0,0" 9" (19)
The functional K(®, ®) is the Kdhler potential. It yields the kinetic terms for the component

superfields. Note that there is no kinetic term for F'; this is an auziliary field that we can
eliminate using the equations of motion. For renormalizable theories, we take K(®, ®) = ®;®°.
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5. A wector superfield V is real: V1 = V. In Wess-Zumino gauge, we may write
_ _ _ _ 1 o
V(2,0,0) = —00"0A,(x) + i020N(x) — i0 OA(z) + 592921)(:5) . (20)

The vector field A, (z) = Afj(x)T* is an element of the Lie algebra g corresponding to the gauge
group G. Gauge transformations act as

VoV4+A+A, (21)
where A is any chiral superfield. Chiral and antichiral superfields with charge ¢ transform as
Y SR QLY (22)

Using V', we may define

1 1 ol
Wa=-1D(VDa"),  Wa= D" Dsc™"). (23)

The expression

L>OIm |:T </ d’o tr(Wa W) + /d29 tr(Wde)ﬂ , T = ﬂ + zii (24)
2T IIM

recovers tr 2, the gauge kinetic term, and tr Fﬁ, the term proportional to the J-angle.

6. Interactions arise from the superpotential. This is a holomorphic function of the chiral super-
fields. We have
LD /d29 W(®) + h.c. . (25)

Due to the power of holomorphy, we can apply our complex analysis toolkit to work with
supersymmetric quantum field theories. Crucially, the superpotential W is not perturbatively
renormalized. Non-perturbative effects such as instanton corrections may enter.

According to the Coleman—Mandula theorem, any global symmetry must commute with the
Poincaré algebra. Global symmetries need not commute with the supersymmetry generators,
however. We can have an R-symmetry:

[Ra Qa] =—Qq , [R7Qd] - @d : (26)

Because the R-symmetry does not commute with @ and @, the component fields have different
R-charges. Thus, for a chiral superfield

R(¢) =1, RY)=r—-1, R(F)=r—2. (27)

We label the R-charge of ® with the R-charge of the lowest component of the superfield. We as
well assign an R-charge +1 to 0, and —1 to df,. We require that terms in the superpotential
have R-charge +2.

7. The Wess—Zumino model is an example of an interacting four dimensional supersymmetric
quantum field theory. It has the Lagrangian density

_ . | | o
L= / d*0 ;0 + / d*0 (yi@l + 5mi @' + ?),Aijkcplqﬂcp’f) +hec. . (28)

4



N =1 THEORIES VISHNU JEJJALA

For convenience, we will assume that we can shift the fields so that we remove the tadpoles.
Notice that if the fields ® have R-charge +1, the coupling A has R-charge —1.

Let us restrict to the case where there is a single complex scalar field. In components, we can
write the Lagrangian in terms of a scalar A, a pseudoscalar B, and a four component Majorana
(real) spinor #:

EWZ - Ekin + Emass + ['int ) (29)
1 1 1—

Liin = §aMAéWA + 5BMBE)“B + 51/}@1/1 , (30)

Linass = %m2A2 + %mQBZ +mat (31)

Lig = A (w(A — BY?)Y + %)\(AQ + B2 + mA(A% + BQ)) . (32)

Exercises

e Starting from the supersymmetry algebra, show that the energy of any state is non-
negative. Usually, we can set the zero point of energy where we like and measure the
energies of states relative to this reference. Why is this not what we do in a theory with
supersymmetry?

e What are the scaling dimensions of the various component superfields in the Wess—Zumino

model?
e Suppose
L =0,6"0"¢ + i a0, . (33)
Show that this changes only by a total derivative under the transformation:
0 = %o = €7,
000 = —i(0"eN)a0ud (34)

6k = i(e0™)a0ud”
where ¢ is an infinitesimal spinor.

e Show that the action Swz = [ d'z Lwz is invariant under supersymmetry transformations

A = 7,
58B = 575¢ 9 (35)
5 = [§—m—XNA+BY)] (A+By)e,

with € a constant Majorana spinor.

e Show that the superpotential W = %m®2 + %)@3 is not renormalized.
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Lecture 2

8. Since [P,,Qs] = 0, it follows that [P%2,Q,] = 0. This means that any two states [¢)) and
Qa|) = |x) are mass degenerate.

From
{Qa, Qs} = 2(0") .5 Pu (36)

we conclude that

5 (Y [{Qar A} 1) Zwucza)*czaw +Z V/(Qa) Qaltt)

= ZHQan |P+Zr|@arw 20 (37)

= 258 (o") s (WP ) = 4| Pold) = 4B [)][? . (38)

We realize that E > 0 for any state [¢)) in a supersymmetric theory. The inequality saturates
if and only if Qu|v) = Q4 l¥) = 0.
The supersymmetric ground state is invariant under the action of any of the supersymmetry

generators. In global supersymmetry, the expectation value of the energy of the ground state
therefore serves as an order parameter for the existence of supersymmetry.

9. Recall from last time that a chiral superfield has the expansion

D(y) = ¢(y) + V200 (y) + 0>F(y) , (39)

with components that shift in terms of a constant Weyl spinor € as
6o =V2ep, 0 =V2eF +iV20'e0, 6,  6F =iV2ec" 0,0 . (40)
The kinetic term for the chiral fields is
Lin=) ((%qb*i@“qﬁi - %Waﬂ@uwi + FF) : (41)
i

The superpotential is integrated over half of superspace. Isolating the terms that have 62, we
find

Ly =

aclﬂ F+ Z aqﬂaqn W (42)

The Euler—Lagrange equation tells us that

ow
ot

F* = — (43)

Substituting the equation of motion for the auxiliary field F' back into the Lagrangian, we see
that the potential contains the F'-terms,

VO |FP=

There is an F-term for each chiral superfield ®* that appears in the superpotential.

oW |?
0P

(44)
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10.

Similarly, from the vector superfield, the Lagrangian incorporates the following structure:

1 . ,
L —— (D% 2 Da *irpa pi . 45
From here, we derive an equation of motion for the auxiliary field D:
D¢ = _92 Z¢*ZTG¢Z . (46)
i

The potential becomes

VT¢)==§:!FW24-§:(D“V~ (47)

The second term in (47) is the D-term. Notice that there is a D-term for each generator
of the gauge group G. In case the gauge group contains a U(1) factor, we can include the
Fayet—Iliopoulos term

Lng/&av. (48)
We have the D-term
D=e+Y qotie (49)
i
Since the energy is zero within a supersymmetric vacuum, we require that
F' = 0, Vi, (50)
D* = 0, Va . (51)

In general, there is more than one solution to these equations. The set of field configurations
{{¢%)} that satisfy the F-term equation (50) and D-term equation (51) defines the moduli space
of vacua of the N/ = 1 supersymmetric gauge theory.

An orbifold of a space is an identification of points related by the linear action of a discrete
group. As a first example, the complex number z = x + iy defines a point on the plane with
coordinates (x,y). Let us identify the points z and —z. This is the orbifold C/Zs. The only
point that is invariant under the action of the orbifold is z = 0. Another Z, identification may
be z ~ Z. Here, the fixed points of the orbifold are the real numbers.

As a slightly more complicated example, consider the torus T?. We start with a lattice defined
by the unit vector & and the vector 7 in the complex plane. The torus identifies the points

z~z+mAnT, m,n €Z . (52)

The fundamental domain is a unit cell as shown in Figure 3.

Let us choose the complex structure so that we tesselate the complex plane C by a fundamental
27

domain defined by 7 = €3 . Take three copies of this torus to construct a T®. A point on T® is

then specified by three complex numbers (21, 22, z3) which reside in the fundamental domain.

The group Zs consists of the cubed roots of unity: Zz = {1,ws,ws 1}. We take the orbifold
TS /73 by defining the map

v (21,29, 23) — (wgzl,wng,w§223) (53)
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Figure 3: A torus with complex structure 7 and area A. The complex structure describes the

shape of the torus while the Kéhler modulus describes its size.

and identifying a point with its image: p ~ v(p). In order to emphasize that the product of the
phases acting on the coordinates is unity, we write the third phase in (53) as w; 2 instead of ws.
There are 33 = 27 fixed points under the action of the orbifold group. To be explicit,

ws-0=0,

1 = 1 % 1 %z' 1 1 %i (54)
Ww3-—e6 = —e6 ~—eb6 —1~—¢6 ,
VRV V3 V3

2 w2 5mi 2 mi 2 mi

w3+ —=e6 = e6 ~—e6 —2~ —ehb .
V3 V3 V3 V3
Obviously, these same points are invariant on multiplication by w% = wy L and wg’ = 1. Locally,
each fixed point is of the form C3/Zs.
Orbifolds are not smooth spaces. There are conical singularities at fixed points of the Zs orbifold

action. This is drawn in Figure 4.

[t

fixed point_¥. p
points A N
At <.
A ™~
,’ 23 \“\ I| |‘|

Z, singularity e |
| |

Figure 4: The space near a fixed point of a Zsz action on T2.

The Hilbert space of states for point particles on Xg consists of those states that are invariant
under . That is to say, we restrict to wavefunctions that enjoy the property that

V(zi) = Y(wszi) - (55)
The operator
P:%a+y+ﬁ) (56)
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11.

projects the Hilbert space of states on T® to the Hilbert space of states on Xg. If we consider
the sigma model on the closed string worldsheet, to account for the orbifold identification, we
should augment the spectrum with twisted sector states:

(z'(0 4 21), zi(0 + 27)) = (¢(0), Wiz (o)) , ki =0,1,2, (57)
where the coordinates (z#, z;) describe the embedding in spacetime.
We may generalize the construction to X = T%/Z,. The n-th roots of unity are w? = e#,
k=0,...,n—1. A Z, action on the coordinates of T is
(21,22, 23) ~ (Wez1,wl 20, W 23) . (58)

Except at the singularities associated to the fixed points, X is a flat six dimensional geometry.
It is an interesting open problem to classify all of the inequivalent orbifold actions on the
coordinates of C™ by elements of a discrete group.

Superstring theory is a consistent theory of quantum gravity in 9+ 1 dimensions. The spectrum
of the superstring includes solitionic objects called D-branes. A Dp-brane extends in p spatial
dimensions and defines a submanifold in spacetime on which open strings end with Dirichlet
boundary conditions. Suppose we place D3-branes at a singular point on the orbifold Xg. There
is a low energy effective theory on the worldvolume of the brane. The theory preserves N = 1
supersymmetry if we enforce the constraint in (58) that a + b+ ¢ = 0 mod n. This is the
Calabi—Yau condition for a local Abelian orbifold.

The cone over a Sasaki—Finstein base B is a Calabi—Yau geometry. The worldvolume gauge
theory for N D3-branes at the tip of the cone is an N’ = 1 theory that is dual to string theory
on AdS;5 x B. The gauge theories corresponding to these singularities have bifundamental matter
and a product gauge group

G = ﬁ Gi . (59)
=1

Each of the factors G; is a U(N) group. A chiral superfield @;k transforms in the fundamental
representation [J of Gj, in the antifundamental representation [J of G, and as a singlet under
all of the other factors. In the case ¢ = j, we think of this field as transforming in the adjoint
representation of G;. (Recall that the fundamental and antifundamental representations of
U(N) have dimension N; the adjoint representation has dimension N2, equal to the dimension
of the group.) The k is a multiplicity index in case there is more than one superfield with these
charges.

The quiver — once upon a time, called a moose — provides a graphical language to express the
matter content of A/ = 1 quantum field theories with only bifundamental and adjoint matter.
The quiver consists of a collection of nodes and a set of arrows that connect pairs of nodes. There
is a node for each factor in (59) and an arrow for each chiral superfield. In our conventions, the
superfield transforms in the antifundamental representation of the group corresponding to the
node it departs and the fundamental representation of the group corresponding to the node it
enters. For anomaly cancellation, the number of arrows coming into a node equals the number
of arrows exiting the node. We draw the quiver for the suspended pinched point (SPP) in
Figure 5 and summarize the matter content.

We must supply both the quiver and the superpotential to describe the theory. The superpo-
tential is invariant under gauge transformations. We must therefore contract the gauge indices.
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12.

Field | U(N), | U(N)y | UWN)s |
o? ad O 1
33 =] 1 O
Pl ad ] 1
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ol a 1 ]
@2 1 O ]
@3 1 1 Adj

Figure 5: The quiver for the suspended pinched point.

The terms in the superpotential are a subset of the closed loops in the quiver. For the SPP
theory, we have

W = tr [@50307 — ®3P505 + P3D;DTD5 — DDTDIDT] . (60)

Notice that following the arrows, each term in the superpotential begins and ends at the same
node. Explicitly, the first term in the superpotential is

tr 5050 = (1), (P3)5(2): - (61)

Here, for ®3, a is an antifundamental index of U(N)3 and b is a fundamental index of U(N)3;
for ®1, b is an antifundamental index of U(N)3 and c is a fundamental index of U(N)y; for ®3,
¢ is an antifundamental index of U(N); and a is a fundamental index of U(N)3. Fundamental
and antifundamental indices of the same gauge group contract to give a color singlet.

Another class of models arises from considering D-branes at asymptotically locally Euclidean
(ALE) singularities. In the simplest case, consider the quotient spaces C x C2?/T', where I is a
discrete subgroup of SU(2). We have seen examples of these already in the Z,, orbifolds. These
are N/ = 2 theories whose quivers correlate to the affine Dynkin diagrams associated to the
ADE groups. (This is the content of the McKay correspondence.) The field theories are dual to
string theory on AdSs x S°/T. Douglas and Moore showed that the resolution of the singularity
is identical to the equations describing the moduli space of vacua of the worldvolume theory on
the D-branes.

References

[1] P. C. Argyres, “An introduction to global supersymmetry,”
http://homepages.uc.edu/~argyrepc/cu661-gr-SUSY/susy2001.pdf.

[2] M. Dine, Supersymmetry and String Theory, Cambridge: University Press (2007).
The previous works are good references on global supersymmetry in four dimensions.
[3] M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory, Vol. 2, Cambridge: University Press (1987).
[4] L. E. Ibanez and A. M. Uranga, String Theory and Particle Physics, Cambridge: University Press (2012).
These books contain beautiful treatments of orbifolds.

[6] M. Douglas and G. Moore, “D-branes, quivers, and ALE instantons,” hep-th/9603167.

A seminal paper.

10



N =1 THEORIES VISHNU JEJJALA

Lecture 3

13. As a first example, let us consider N' = 4 super-Yang-Mills theory with gauge group U(N).
In N = 1 language, the theory contains three chiral multiplets transforming in the adjoint
representation. The quiver is given in Figure 6.

b1
o)) ¢3

Figure 6: The quiver for N’ = 4 super-Yang—Mills theory.

The superpotential for this theory is

W = tr ¢1[¢2, ¢3] (62)

As the ¢; transform in the adjoint representation, we can regarded them as complex valued
N x N matrices. From differentiation of the superpotential, we obtain the F-term equations:

ow ow ow

0= 9%, = [¢p2, P3| , 0= 9, = [p3, P1] , 0= 9, = [¢1, 2] - (63)

This means that the ¢; are matrices which are simultaneously diagonalizable. Each of the
matrices have N complex eigenvalues, so the moduli space of vacua is 6N real dimensional.

We can write the potential in terms of six real scalars:
V o giyg tr Z[Xi,Xj]Q . (64)
i?j
At a generic point in moduli space, the eigenvalues of the matrices are unequal. The gauge
group is broken from U(N) to U(1)"V. This is the Coulomb branch.

14. We want a systematic procedure for solving for the vacuum moduli space of A/ = 1 theories. In
this discussion, we follow Luty—Taylor, but antecedents for these results exist in the literature.

The action for the N' =1 theory

S = /d4 [/d‘* 0 oleV o, + <4; /d29 trW WS + /d29 W (®) +h.c.>] (65)

enjoys an enormous gauge redundancy. It is invariant under

g0, = (g Hlegh, (66)

where g = €™ and A is a chiral superfield. We work with G¢ the complexification of the
gauge group. The complezification of a real Lie group G is a complex Lie group G containing
G as a real subgroup such that there is a Lie algebra isomorphism between the two. The

complexification of SU(N) is SL(N, C); the complexification of U(N) is GL(N,C).
Writing
_ - _ 1 o
Va = C — 00"v, 4 + 02034 — i0 0\ s + 5926721)A , (67)

11
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where A is an adjoint index, the D-term equations can be written as

S (66 =0, (63)

where ¢ is the scalar component of the chiral superfield ®. One can then establish the following
properties:

e The F-flatness conditions are holomorphic and invariant under G¢.

e The D-flatness conditions fix the gauge.

e For every solution to the F-terms, there is a solution to the D-terms in the completion of
the orbit of the complexified gauge group.

e The set of gauge invariant operators (GIOs) provides a basis for the D-orbits.

e The vacuum moduli space is the symplectic quotient of the master space, which is the
manifold of scalar field vevs that satisfy the F-term equations:

M =F/IG = F/Ge . (69)

15. Let’s recall a few facts from algebra. A ring is a set with two binary operations, + and X such
that it an Abelian group under addition and a monoid under multiplication, an operation which
distributes with respect to addition. We have:

a+b=b+a, (a+b+c=a+(b+c),
a+0=a, a+(—a)=0,
(axb)xc=ax((bxec), axl=1lxa=a, (70)

ax (b+c)=(axb)+(axc), (a+b)xec=(axec)+(bxc).

The inverse under multiplication need not exist in the ring. We will often omit the x.

A left ideal I is a non-empty subset of R such that for all z,y € I, r € R, the compositions
x +y and rx are in I. That is to say,

rMx1+ ...y €1, Vr;, € R, Vr;el. (71)

We say RI C I. Similarly, a right ideal I stems from the property that IR C I. An ideal is
both a left ideal and a right ideal.

A quotient ring R/I is the set of equivalent classes of elements in R modulo elements of an
ideal:

a~b = a-bel. (72)
Examples illustrate these definitions.

e Consider the ring of integers Z. There is an addition and a multiplication operation. Note
that n=! ¢ Z for n # 1. The integer multiples of k, where k is a positive integer, form
an ideal I = kZ. The quotient ring Zy = Z/kZ = {0,1,...,k — 1}.

e Consider the ring of polynomials in the variable 2 with real valued coefficients: R = R]z].
Take the ideal I = (2% + 1), consisting of all polynomials with a factor (2 + 1). In the
quotient ring R/I, we have polynomials that look like a + bx. This is isomorphic to C with
the role of i = /—1 played by the class [z].

12
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e Consider the algebraic variety V = {(z,y)|z™ = 3"} C R%. The ring of real valued
polynomial functions on V' is identified with the quotient ring Rz, y]/(z™ — y™).

The last example provides a natural language for expressing the vacuum moduli space of a
quantum field theory. We first define the master space F as a quotient ring;:

F =Cloi]/{Fi} , (73)
where the ideal is defined for us by the F-terms.

16. To construct the vacuum moduli space we employ the following algorithm.

e We define the polynomial ring C[®;,y;]. The y; are new variables, one for each element of
the minimal basis of GIOs in the theory.

e We define the ideal I = {F;(®),y; — rj(®)}. The r; are the GIOs in the minimal list.
o We eliminate the variables ®; from the ideal.

e This gives an ideal M C C[y;] in terms of the y variables.

17. This is a lot of formalism. Let’s do an example. Consider the conifold gauge theory. Its quiver
is shown in Figure 7.

1 B
@i - (Ds D)

Xi - (Es 0)

Figure 7: The quiver for the conifold.

The superpotential for the theory is

W = tr [pix1p2x2 — P1X292X1] - (74)

For simplicity, let us consider a U(1) x U(1) theory. The superpotential vanishes as the fields
commute. Thus, there are no F-terms to consider. From examination of the quiver, we see that
the minimal list of gauge invariant operators consists of the closed loops:

= QIX1 . R QIX2, BT PX1, 2= PaX2 - (75)
We see that there is a relation between the gauge invariant operators:
Z124 = 29%3 . (76)

Taking the z; as coordinates in C*, the vacuum moduli space consists of the points that satisfy
this relation. In fact, Klebanov—Witten showed that if we place D3-branes at the singularity at
the origin, the worldvolume gauge theory is precisely the quiver model that we have considered.
The vacuum moduli space recapitulates the string realization of the field theory. This is the
lesson of Douglas—Moore.

13
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18.

A class of examples of considerable interest to us is supersymmetric QCD (SQCD). We can have
two theories in the same universality class, meaning that while the field content and interactions
are different in the ultraviolet, they flow to the same infrared fixed point. This is Seiberg duality.
The duality occurs in a window where

3
5NC < Ny <3N, . (77)

The number of flavors of quarks is Ny and N, sets the rank of the gauge group of the electric
theory. The matter content and interactions of the two theories is summarized in Table 1.

uv
Magnetic

o |

/

Figure 8: The electric and magnetic theories belong to the same universality class. The physics is

the same in the infrared.

H electric H magnetic
gauge group SU(N,) SU(Ny — N¢)
global symmetries || SU(Ny¢)r x SU(N¢)p x U(1)p x U(1)r || SU(N¢)r x SUNg)r x U(1)p x U(1)R
¢: (O,Np, 1 5, 1= 1) Q: (0,1, Ny, — 5= v°)
chiral fields q: (ﬁ,l,ﬁf,—N%,l—%) Q: (E,N&l,ﬁ7j\%)
M :(1,Np, Np,0,2(1 - 5¢))
superpotential W =0 Wanal = AMQQ

19.

Table 1: Seiberg dual theories.

The quarks and antiquarks in SQCD transform in defining representations of SU(N,) whereas
the quarks and antiquarks in the dual transform in defining representations of SU(Ny—N,). The
SQCD theory has superpotential W = 0. Its dual, however, has a nonvanishing superpotential:

Waual = AM@Q . (78)

The mesons and baryons are gauge invariant operators. They are the same on both sides of the
duality, however in the magnetic theory, we regard the mesons as fundamental fields. Moreover,
the number of quarks in a baryon is fixed by the rank of the gauge group, which is different for
the electric and magnetic theories.

The duality exemplifies a strong coupling/weak coupling correspondence (an S-duality). One of
the checks of Seiberg duality is that the vacuum moduli space on the two sides is the same.

We are developing tools to compute the vacuum moduli spaces of semi-realistic quantum field
theories relevant to particle physics.

14
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Exercises

Write the F-term equations for the SPP theory.
Work out the GIOs of the electric and magnetic theories.

Suppose Ny = N.. How many GIOs are there in the electric theory? What is the dimension
of the vacuum moduli space?

Consider the electroweak theory with gauge group SU(2)z, x U(1)y. We have L, : (2, —3),
H, : (2, %), H,: (2, —%), e’ : (1,1). What is a minimal list of GIOs?

Take a quiver with n nodes arrayed on a circle with arrows in both directions between ad-
jacent nodes. Let the gauge group be U(1)™ so that the superpotential vanishes. Compute

the vacuum moduli space.
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