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Abstract: In this study, we introduce a mixed copula-based vector autoregressive (VAR) model for investigating 
the relationship between random variables. The one-step maximum likelihood estimation is used to obtain point 
estimates of the autoregressive parameters and mixed copula parameters. More specifically, we combine the 
likelihoods of the marginal and mixed Copula to construct the full likelihood function. The simulation study is 
used to confirm the accuracy of the estimation as well as the reliability of the proposed model. Various mixed 
copula forms from a combination of Gaussian, Student-t, Clayton, Frank, Gumbel, and Joe copulas are introduced. 
The proposed model is compared to the traditional VAR model and single copula-based VAR models to assess 
its performance. Furthermore, the real data study is also conducted to validate our proposed method. As a result, 
it is found that the one-step maximum likelihood provides accurate and reliable results. Also, we show that if we 
ignore the complex and nonlinear correlation between the errors, it causes significant efficiency loss in the 
parameter estimation, in terms of Bias and MSE. In the application study, the mixed copula-based VAR is the 
best fitting Copula for our application study. 
Keywords: Forecasting; Mixed copula; One step maximum likelihood estimation; Vector autoregressive 

 
1. Introduction 

 Many studies have tried various approaches to understand the economy's working processes to allow 
policymakers to determine and implement the appropriate economic policy for solving the uncertainty of aggregate 
economic variability. In the traditional approaches, the relationship between the variables is mostly estimated by 
the linear correlation assumption. However, the linear correlation cannot adequately describe the true and 
complicated relationship among the macroeconomic variables. So, the vector autoregression (VAR) model was 
developed for describing the dynamic behavior of macroeconomic variables more entirely than the linear model 
can do (Sims (1980), Lutkepohl (2005), Hamilton (1994), Tsay (2005)). The VAR model has an excellent 
forecasting capability, easy to estimate, and easy to test for relationship and causality between the variables as it 
treats the variables to be endogenous variables. In the VAR model literature, most researchers use this model to 
investigate various macroeconomic data, for example, real gross domestic product(GDP), unemployment, 
consumer price index(CPI), real effective exchange rate, etc. 

By the properties of the VAR model, it is a system of equations to be estimated simultaneously. As it can 
combines the information from the different equations by allowing error terms of each equation to be correlated, 
the model becomes more consistent. However, the problem is that the model's multivariate normal distribution 
might curse the parameter estimates as the real data might exhibit a non-normal distribution. Thus, the multivariate 
normal distribution may fail to join the error term of each VAR equation. To relax this strong assumption, a copula 
approach has been proposed to deal with this complicated dependence (see Hu (2006), Maneejuk et al. (2016), 
Pastpipatkul et al. (2016), Pastpipatkul et al. (2017), Liu et al. (2020), Xu and Gao (2019), Mohti et al. (2019)). 
These studies confirm the superiority of the copula-based multivariate model over the conventional model. 
Specifically, Copula allows us to construct a joint multivariate distribution of all error terms in the model 
(Maneejuk et al. (2016)). In addition, Joe and Xu (1996) mentioned Copula is a good alternative method for 
modeling the dependence of multivariate data when the multivariate normality of the multivariate data is doubtful. 
This is because it can capture the nonlinear dependence and tail dependence, and there are no constraints regarding 
the marginal distributions of random variables. Therefore, the copula approach is introduced to the VAR model to 
improve efficiency by allowing the model to have different marginal distributions of error terms and not need to 
be normally distributed. 

In addition, our study aims to go beyond those previous copulas-based multivariate models by considering a 
new class of the copula approach, that is, the mixed Copula. Recent studies have shown that this copula class is 
more flexible than a single copula class (see, Nguyen et al. (2016), Maneejuk et al. (2018), Tansuchat and Maneejuk 
(2018)). The mixed Copula is a combination of different copula families, and it can capture both symmetric and 
asymmetric and other complicated dependence structures. To our knowledge, the copula-based VAR model has 
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already been proposed by Brechmann and Czado (2015) and Yamaka and Thongkairat (2020); however, the 
estimation and computation aspects of mixed copula-based VAR has never been proposed yet.1 For this reason, 
this study attempts to fill the gap of knowledge by applying various combinations of mixed Copula to allow better 
flexibility of capturing almost all possible dependence structures between error terms in the VAR framework. This 
study also introduces the way to a one-step estimation technique to estimate the mixed Copula-based VAR model. 
To confirm our model's performance and the accuracy of the estimation, experimental studies and a real application 
study are introduced. 

The contribution of this paper is three-fold. Firstly, it proposes a mixed copula-based VAR model and 
introduces various combinations of mixed copulas to the VAR model. This is the novelty of our model 
development, which relaxes the limitations of the conventional VAR model. Secondly, we verify the reliability 
and accuracy of relaxing the strong assumption of a linear relationship and multivariate normal distribution of the 
error terms in the VAR model by providing simulation studies. Third, we show the flexibility and validity using 
the mixed copula-based VAR to investigate a real data relationship. 

The paper's remainder proceeds as follows: the methodologies used in this study are present in Section 2, 
comprising mixed copulas function, VAR model, and estimation. Then, two experimental studies are provided in 
Section 3. Section 4 provides the empirical results. Last but not least, a conclusion is provided in Section 5. 

 
2.  Methodology 

 To study the relationship between the endogenous variables in the VAR model, we first briefly present the 
VAR model specification and the mixed copula approach. We also explain and discuss inference (point estimation) 
for the mixed copula-based VAR model parameters. 
2.1  Vector Autoregression (VAR) model 

 The vector autoregression model is the multivariate model providing useful information on the relationship 
between the set of variables. This model is put forward by Sims (1980). In practice, it is generally used to describe 
the dynamic behavior of time series variables and forecast future values. The basic VAR model with lag p and n  
dimensional vector of variables measured at time t , 1 2= ( , , )'t t t nty y yy  , can be written as  
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where   is ( )n n p   coefficient matrices,   is ( 1)n  a vector of the intercept term and 
1 2= ( , , , )t t t nt  ε   is the vector of the noise process with the distribution (0, )N  , whereas  is the 

variance-covariance matrix. As we suggest to use a copula to join the error terms of the VAR model, the use of the 
copula allows us to model the nonlinear correlation of the error terms of VAR, through various classes of copula 
function. Also, another advantage of the copula is that it allows one to model different types of marginal 
distributions. However, the effect of marginal distribution on the perfromane of our model is not examined in this 
study and we leave this issue in the further study. Therefore, the normal distribtion is assumed in this VAR model. 

 
2.2  Abridged concept to Copula 

 The Copula is introduced in Sklar's theorem (Sklar (1959)). It was proposed to explain a multivariate 
distribution function of the joint univariate marginal distributions. The linkage among these marginal distributions 
can be described by the copula function so that  

 1 1 1 1H( ,..., ) = ( ( ),..., ( )) = ( ,..., ) ,n n n nx x C F x F x C    (2) 
where C  denotes the Copula, 1( ,..., )nH x x  is a joint distribution, 1,..., nx x  is a marginal distribution of each 
random variable, and 1,..., n   is the uniformly distributed marginals. We can write the joint density of the 
random variables as  

                                                        
1 The first theoretical discussion of the mixed Copula-based VAR model was introduced by Yamaka and Thongkairat (2020). 
However, the computation and application of this new model was lacking in their work. Motivated by this issue, the estimation 
and  evaluation of the model’s performance are conducted in this study. 
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Thethree main classes of the copula function are: Elliptical Copulas, Archimedean Copulas, and mixed Copula. 
Many studies in the last decade have intensively conducted the first two classes of the Copula. After that, Nelsen 
(2006) suggested using a convex combination for mixing different copulas, thus allowing for flexibility in the 
copula dependence structure. 

 
1) Elliptical copulas  Elliptical copulas are elliptically contoured in its distributions class. The advantage of this Copula is that 

it can explain different correlations between the marginals, where the value of correlation is restricted to be [-1,1]. 
The disadvantages of this class are that they are restricted to have radial symmetry and do not have explicit 
expressions. There are two parametric copula families in this class, namely Gaussian and Student-t Copula. These 
copulas can be formulated as in the following:  Gaussian Copula  

Let ( )  be the standard normal cumulative distribution and 1( )  be the quantile function of the standard 
normal distribution; the Gaussian Copula can be written as 
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where G  is the n n  dependence matrix of Gaussian Copula.  
 Student-t copula 
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where T
  is the n n  dependence matrix of Student-t copula and v  is the degree of freedom of copula 

function.  1 1
1( ), ..., ( )v v nt u t u    is the student-t univariate vector inverse distribution function with shape 

parameter v .   is the gamma distribution. We note that the dependence parameters of these two copulas are 
ranged between -1 and 1. 

 
2) Archimedean copulas  Archimedean class is another class of the copula function where it can capture various dependence 

structures, e.g., concordance and tail dependence, and have explicit expressions. Comparing with Elliptical 
copulas, Archimedean copulas are not derived from multivariate distributions using Sklar's theorem. There are 
many families of the Copula in this class, but in this study, we consider only the Clayton copula, Frank copula, Joe 
copula, and Gumbel copula. Clayton copula only has lower tail dependence while Gumbel copula and Joe copula 
have only upper tail dependence. For Frank copula, there is no tail dependence. The advantage of these copulas is 
that they take into account the asymmetric dependence structure. For further detail, we refer to Nelsen (2006) and 
Hofert, Mächler, McNeil, (2012). These copulas can be represented in the form 

  Clayton copula 
1 (1 ) ( 1/ )

1
0 1

( 1)( ) (1 ( ,..., ))( ; ) ,C C
C

n n n n
i
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C C nk u t u uc  
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where 0C   is the Clayton copula parameter. If 0C  , there is no dependence, while C    
indicates a perfect dependence.  Gumbel copula 
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where 1( ) ( ) ,n n k
Gu k nkP x x   with 
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numbers of the first and second kind, respectively. 1Gu   is the Gumbel copula parameter. If 1Gu  , there 
is no dependence, while Gu    indicates a perfect dependence.  
  Frank copula 
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  denotes polylogarithm 
of order 1n  at. The value of Frank copula dependence parameter is ranged from zero to infinity.  
  Joe copula 
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and 1
, 0( ) ( )J n J k

n k nkP x a x   , ( , 1)( ) , {0,..., 1),J
nk ka S n k k k n     and ( ) ( 1 )/ (1 )kk k         is 

the falling factorial. Similar to Gumbel, the range of the Joe copula is (1.1, ) .  
 

3) Mixed copulas  The Elliptical and Archimedean copulas may provide an unreliable dependency measure, as some copula 
families' dependence parameter is restricted in specific ranges. Nelsen(2006) introduced an idea to mix the copula 
function through the convex combination method to improve the ability to capture a wide range of complicated 
dependence structures. Several additional advantages are obtained when the mixed Copula is used to measure the 
dependence of the random variables. First, as the mixed Copula is constructed form various copula functions, it 
becomes more flexible to join any form of the dependence structure. Second, the dependence structures captured 
by mixed copulas are not changed, even though the data is transformed into several types. The mixed Copula can 
be derived by  

                      1 2 1 21 2( , ) = ( ) (1 ) ( ) ,Mixc wc w c     u u u                         (12) 
where w  is the weight parameter with the value ranges between zero and one.  is an exchangeable copula 
parameter. One of the advantages of the convex combination approach is the exibility in assigning weights for 
calculating appropriate value between two copula functions.  There are various copula functions proposed to join 
the marginal distributions, and the selection of copula type is essential.  In this study, we consider five types of 
copulas to capture different patterns of dependence between the random variables.  Copula functions commonly 
used in the research are Gaussian, Student- t, Gumbel, Clayton, and Frank.  To find the best copula function, 
Bayesian information criteria (BIC) are used. 
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2.3  Estimation of the mixed copula model In general, the copula-based model can be estimated by the two-step estimation called Inference Function for 
Margins (IFM) of Joe and Xu (1996). In the first step, the marginal distribution is estimated, and, in the second 
step, the copula parameter is estimated, given the estimated parameters from the first step. Joe and Xu (1996) 
suggested several advantages of this method. First, it is easy to estimate the multivariate models; Second, the 
multivariate model is still robust even though a misspecification copula is used to model the marginal distributions' 
dependence. Also, it is more robust against outliers or perturbations of the data, and third, the IFM method can 
deal with the large parameter estimates in the multivariate models as it estimates the marginal parameters and 
copula parameters separately. Therefore, this method could reduce the cost of computation in the multivariate 
model. Although there are several advantages of this IFM method, Louzada and Ferreira (2016) revealed that the 
IFM method still produces a biased estimate. Furthermore, there is no proof regarding the regularity conditions, 
asymptotic properties of consistency, and asymptotic normality of the Copula based VAR model. In this study, the 
problem of regularity conditions and the Multivariate GARCH-type models' asymptotic properties are analyzed. 
Thus, we consider using a one-step maximum likelihood estimator to obtain our proposed model's parameter 
estimates. We note that the maximum likelihood estimation is a flexible estimation for estimating the point 
parameter estimates. As the VAR model is the multivariate equation model; thus, a multivariate copula with 
continuous marginal distribution is required in the estimation. Let = { ,..., }n 1β β , 1 2= { , } θ , and, similar 
to Equation 3, the joint density function of mixed copula-based VAR model is  

                          1
1 1 1 1 1 2

( ,..., , , ) =
( ),..., ( ) ( ,..., , , ),

n
n n n n

h x x w
f x f x c w   

 θ
β β                      (13) 

where iβ  are the vector of parameter in equation i , = 1,...,i n . , = 1,...,i i n  are the marginal distributions 
in uniform [0,1] . ( ), = 1,..., ,i if i n  is the density function of each equation, which is assumed to have a 
normal distribution. 1 1 2( ,..., , , )nc w     is the mixed copula density. Note that we are following copula 
families, i.e., Gaussian, Student-t, Clayton, Gumbel, Frank, Joe, and mixed copula families such as Gaussian-
Student-t, Gaussian-Clayton, Gaussian-Gumbel, Student-t-Clayton, Student-t & Frank. Hence, log-likelihood 
analysis implies  

           1 1 1 1 1 2ln ( ) = ln ( ) ... ln ( ) ln ( ,..., , , )n n n nL f x f x c w      β β             (14) 

where   is all the parameter estimates. Then, the log-likelihood Eq.(13) is maximized to estimate the marginal 
distribution parameters and copula parameters. In other words, the maximum likelihood estimator maximizes the 
log-likelihood and is given by:  

                                    
=1

ln ( )= T

t
Largmax


  ,                                   (15) 

where   is the optimally estimated parameters. We set the score function to zero (this function is defined as the 
first-order partial derivative of the full likelihood function's logarithm  ). However, it is not always possible to 
find closed-form expressions for these estimators. Therefore, the use of iterative methods is often needed. In this 
estimation, we employ the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm in R software. 
3. Simulation study 
To evaluate the accuracy and reliability of the mixed copula-based VAR model, the Monte Carlo simulation study 
is employed. This helps us to compare the performance of our proposed model and other conventional competitive 
models. We consider two experiments for checking the accuracy and performance of our proposed model. In the 
first experiment, the accuracy of the maximum likelihood estimation for mixed copula-based VAR is investigated. 
Second, our model's performance is compared to the classical VAR model of Sims(1980) and the independent 
copula-based VAR model, which ignores the correlation among VAR equations. We note that the estimation of 
independent copula-based VAR is the separate estimation, where each equation is separately estimated using 
maximum likelihood. Specifically, the error terms of this model are not jointly independent. 
 
3.1 Investigating the accuracy of the one-step maximum likelihood estimation. 

This experiment's simulated data is generated from the simple bivariate and trivariate VAR model with lag 
one. These two models take the form of the following: 

Model 1: The bivariate VAR(1) model 
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Model 2: The trivariate VAR(1) model 
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In each case under each model, 100 samples, each consisting of t =200, 500, and 1000 data points are 
generated using equations (16-17). In this simulation study, three mixed copula functions, namely Gaussian - 
Student-t, Clayton – Gumbel, and Frank – Joe, are used as an example. The data-generating mechanism consisted 
of the following steps: 

1. We simulate the marginal iu  for equation i  form the mixed copula model. The true parameters of 
the mixed Copula are fixed as 1 2 0.5w w  , 1 2 0.5    for Gaussian - Student-t, 

1 2 3   for Clayton – Gumbel and Frank – Joe copulas. 
2. The marginal iu  is then transformed to be error term for equation i, it  by using the inverse 

normal distribution with (0,1)N . 
3. Finally, the ity is generated from the VAR specification in Equations (16-17). 
The first simulation result is provided in Table 1. 
 

Table 1. Simulation results of the mixed copula-based VAR model  Model 1 Gaussian-Student-t Clayton – Gumbel Frank – Joe Para True t =200 t =500 t =1000 True  t =200 t =500 t =1000 True t =200 t =500 t =1000 
1  1 1.051 (0.012) 1.050 (0.011) 1.003 (0.001) 1 1.141 (0.113) 1.040 (0.042) 1.001 (0.001) 1 1.171 (0.012) 1.011 (0.012) 1.001 (0.001) 
11  2 2.251 (0.231) 2.058 (0.051) 2.021 (0.025) 2 2.344 (0.131) 2.188 (0.131) 2.009 (0.010) 2 2.121 (0.231) 2.092 (0.024) 2.043 (0.040) 
12  1 1.044 (0.043) 1.050 (0.041) 1.002 (0.001) 1 1.134 (0.128) 1.041 (0.022) 1.001 (0.001) 1 1.129 (0.012) 1.091 (0.021) 1.005 (0.002) 
2  1 1.033 (0.041) 1.040 (0.051) 1.001 (0.001) 1 1.343 (0.214) 1.245 (0.142) 1.000 (0.001) 1 1.144 (0.032) 1.027 (0.021) 1.001 (0.001) 
21  2 2.011 (0.051) 2.018 (0.011) 2.001 (0.001) 2 2.155 (0.179) 2.078 (0.051) 2.018 (0.009) 2 2.105 (0.100) 2.015 (0.033) 2.005 (0.007) 
22  1 1.023 (0.021) 1.041 (0.030) 1.005 (0.002) 1 1.059 (0.103) 1.047 (0.033) 1.004 (0.001) 1 1.221 (0.213) 1.056 (0.042) 1.001 (0.001) 

1  0.5 0.644 (0.125) 0.5089 (0.031) 0.501 (0.001) 3 3.498 (0.502) 3.112 (0.213) 3.012 (0.018) 3 3.218 (0.103) 3.059 (0.031) 3.012 (0.017) 
2  0.5 0.411 (0.120) 0.492 (0.012) 0.510 (0.010) 3 3.396 (0.298) 3.147 (0.100) 3.069 (0.025) 3 3.259 (0.198) 3.244 (0.142) 3.050 (0.013)  Model 2 Gaussian-Student-t Clayton – Gumbel Frank – Joe Para True t =200 t =500 t =1000 True  t =200 t =500 t =1000 True t =200 t =500 t =1000 
1  1 1.048 (0.011) 1.040 (0.015) 1.008 (0.004) 1 1.103 (0.108) 1.060 (0.013) 1.001 (0.001) 1 1.297 (0.188) 1.044 (0.025) 1.018 (0.029) 
11  2 2.223 (0.128) 2.087 (0.081) 2.006 (0.010) 2 2.344 (0.221) 2.211 (0.139) 2.009 (0.010) 2 2.311 (0.436) 2.108 (0.101) 2.047 (0.033) 
12  1 1.397 (0.187) 1.115 (0.109) 1.001 (0.001) 1 1.128 (0.115) 1.031 (0.015) 1.001 (0.001) 1 1.219 (0.132) 1.083 (0.046) 1.015 (0.020) 
13  0.5 0.235 (0.211) 0.495 (0.009) 0.501 (0.010) 0.5 0.298 (0.201) 0.401 (0.028) 0.511 (0.019) 0.5 0.321 (0.111) 0.498 (0.001) 0.501 (0.001) 
2  1 1.133 (0.128) 1.089 (0.059) 1.008 (0.004) 1 1.128 (0.123) 1.040 (0.080) 1.021 (0.023) 1 1.129 (0.055) 1.101 (0.100) 1.001 (0.001) 
21  2 2.158 (0.129) 2.109 (0.077) 2.006 (0.010) 2 2.237 (0.189) 2.221 (0.151) 2.018 (0.022) 2 2.301 (0.267) 2.233 (0.255) 2.033 (0.018) 
22  1 1.237 (0.147) 1.182 (0.112) 1.001 (0.001) 1 1.125 (0.146) 1.023 (0.011) 1.001 (0.001) 1 1.229 (0.124) 1.120 (0.089) 1.013 (0.010) 
23  0.5 0.338 (0.203) 0.499 (0.010) 0.501 (0.010) 0.5 0.305 (0.211) 0.452 (0.019) 0.509 (0.007) 0.5 0.320 (0.191) 0.481 (0.019) 0.501 (0.001) 

2  1 1.189 (0.197) 1.101 (0.109) 1.010 (0.011) 1 1.211 (0.138) 1.060 (0.055) 1.055 (0.032) 1 1.054 (0.051) 1.022 (0.029) 1.001 (0.001) 
31  2 2.144 (0.131) 2.046 (0.038) 2.008 (0.011) 2 2.187 (0.193) 2.237 (0.191) 2.029 (0.020) 2 2.200 (0.177) 2.134 (0.157) 2.018 (0.010) 
32  1 1.209 (0.171) 1.143 (0.103) 1.003 (0.010) 1 1.152 (0.161) 1.022 (0.018) 1.008 (0.001) 1 1.211 (0.168) 1.166 (0.032) 1.021 (0.014) 
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33  0.5 0.408 (0.103) 0.441 (0.044) 0.501 (0.011) 0.5 0.409 (0.232) 0.463 (0.021) 0.510 (0.010) 0.5 0.422 (0.034) 0.493 (0.007) 0.501 (0.001) 
1  0.5 0.337 (0.278) 0.458 (0.021) 0.513 (0.020) 3 2.541 (0.522) 2.688 (0.311) 3.169 (0.109) 3 3.331 (0.294) 3.110 (0.235) 3.058 (0.055) 
2  0.5 0.489 (0.013) 0.591 (0.081) 0.499 (0.001) 3 2.691 (0.331) 3.265 (0.221) 3.210 (0.166) 3 3.556 (0.453) 3.199 (0.201) 3.114 (0.199) 

Note: the paratheses ( ) denotes standard deviation of the parameter estimate. 
 

The mean and standard deviation of the parameter estimates from 100 datasets are reported in Table 1. The 
simulation results from Table 1 show that our proposed model and maximum likelihood estimation produce reliable 
parameter estimates.  The average of the parameter estimates is close to the true values with reasonable standard 
deviations. It is also observed that maximum likelihood estimation's performance becomes better when the sample 
size increases from t going from 200 to 1000, indicating this estimator is unbiased and confirming the validity of 
asymptotic properties.  
3.2 Investigating the performance of mixed copula-based VAR model 

In the second simulation study, we compare our mixed copula-based VAR model's performance with the two 
competing models, namely Gaussian copula-based VAR or classical VAR of Sims (1980) and Independent copula-
based VAR. We consider two criteria, absolute Bias and mean squared error (MSE). The |Bias| and MSE can be 
calculated by 

 1
1

,R
r r

r
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     (18)

 1
1
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r r
r

MSE R


     (19)

where R =100 is the number of Monte Carlo replications, r and r  are the estimated values and the true 
values, respectively. The sample sizes are fixed at 200 for each replication. 

The data sets are generated in the same way as in the first simulation study. However, we only consider the 
bivariate VAR specification in this second experiment. We note that this second experiment is an unfair simulation 
as the data is generated from the mixed copula-based VAR model; however, this experiment still provides useful 
information regarding the performance of the model. In other words, this experiment aims to prove that if the 
dependence structure is mixed, then the mixed copula-based VAR model could provide a better parameter estimate.  

Table 2. Comparing the absolute |Bias| and MSE of our proposed model and other two conventional 
models 

Model 1 Mixed Gaussian-Student-t copula-based VAR Gaussian copula-based VAR Independent copula-based VAR 
Para Bias  MSE  Bias  MSE  Bias  MSE  
1  0.0108 0.0206 0.0171 0.0344 0.0177 0.0359 
11  0.0012 0.0124 0.0089 0.0234 0.0098 0.0244 
12  0.0030 0.0083 0.0053 0.0139 0.0063 0.0159 
2  0.0047 0.0110 0.0050 0.0225 0.0051 0.0228 
21  0.0051 0.0121 0.0052 0.0232 0.0054 0.0244 
22  0.0013 0.0129 0.0021 0.0153 0.0024 0.0162 

Model 1   Mixed Clayton – Gumbel copula-based VAR Gaussian copula-based VAR Independent copula-based VAR 
Para Bias  MSE  Bias  MSE  Bias  MSE  
1  0.0117 0.0316 0.0131 0.0337 0.0253 0.0532 
11  0.0015 0.0024 0.0051 0.0251 0.0101 0.0221 
12  0.0032 0.0043 0.0056 0.0097 0.0123 0.0291 
2  0.0044 0.0131 0.0051 0.0138 0.0109 0.0253 
21  0.0053 0.0140 0.0066 0.0151 0.0141 0.0418 
22  0.0090 0.0195 0.0113 0.0245 0.0132 0.0259 

Model 1 Mixed Frank – Joe Copula based VAR Gaussian Copula based VAR Independent copula-based VAR 
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Para Bias  MSE  Bias  MSE  Bias  MSE  
1  0.0180 0.0498 0.0231 0.0531 0.0240 0.0643 
11  0.0012 0.0024 0.0138 0.0391 0.0151 0.0391 
12  0.0030 0.0049 0.0122 0.0225 0.0143 0.0275 
2  0.0047 0.0121 0.0248 0.0549 0.0251 0.0601 
21  0.0051 0.0135 0.0115 0.0203 0.0131 0.0261 
22  0.0013 0.0022 0.0239 0.0535 0.1581 1.0351 

 
Since the mixed Copula is proposed to improve the estimated parameters' accuracy in the VAR model, we 

thus focus here on the VAR parameter estimates. Table 2 presents the |Bias| and MSE of each model measured 
assuming the dependence structure of the error terms follow Gaussian-Student-t, Clayton-Gumbel, and Frank-Joe 
mixed copulas. The overall absolute Bias and MSE for autoregressive parameters from the mixed copula-based 
VAR are lower than the overall absolute Bias and MSE from the two conventional VAR: Gaussian copula-based 
VAR and Independent copula-based VAR models. In particular, the |Bias| and MSE of autoregressive parameters 
from mixed Clayton-Gumbel Copula based VAR and mixed Frank-Joe Copula based VAR are obviously lower 
than the conventional VAR models. This indicates that when the dependence structure of the error terms has 
deviated from the multivariate elliptical distribution or independence, the Elliptical copula-based VAR and the 
Independent copula-based VAR models face higher Bias and variance.  

In sum, the conventional VAR (Separate Estimation) and Gaussian copula-based VAR model perform 
satisfactorily when the dependence structure or the error terms is mixed. However, its performance is further 
improved if the mixed copula-based VAR model is fitted. Thus, the slight gain in accuracy and precision in the 
parameter estimate can be obtained by the better fit afforded by a mixed copula. In addition, our simulation results 
also provide the accuracy improvement of one-step maximum likelihood estimation over the IFM method (two-
step estimation) as shown with the lower |Bias|’s, and MSE’s. We would like to note that the results of Independent 
copula-based VAR model are obtain form the first step of IFM. 
 
4.  The empirical applications 

This study applies the proposed method to real time-series data sets. Given the large literature on the impact 
of uncertainty on output that has emerged following the "Great Recession" (see Castelnuovo et al., (2017), Gupta 
et al., (2018, 2019, 2020), and Al-Thaqeb and Algharabali (2019) for detailed reviews of this literature), we 
investigate the relationship among a world uncertainty index (WUI), with outputs of the United States (U.S.), other 
advanced economies (ADV), and emerging countries (E.M.). The quarterly data on these variables cover 1990:1 
through 2019:4.  

The real GDP data, capturing output, is obtained from the Global Economic Database maintained by the 
Federal Reserve Bank of Dallas, which is available for download from 
https://www.dallasfed.org/institute/dgei/gdp.aspx.2 At the same time, the WUI is based on the work of Ahir et al. 
(2018). These authors construct quarterly indices of economic uncertainty for 143 countries from 1990 onwards 
using frequency counts of "uncertainty" (and its variants) in the quarterly Economist Intelligence Unit (EIU) 
country reports. The EIU reports discuss major political and economic developments in each country, and analyze 
and forecast political, policy, and economic conditions. To make the WUI comparable across countries, the raw 
counts are scaled by each report's total number of words. Globally, the WUI spikes near the 9/11 attacks, the SARS 
outbreak, Gulf War II, the Euro debt crisis, El Niño, Europe border-control crisis, and the U.K.'s referendum vote 
in favor of Brexit, and the 2016 U.S. presidential election. In general, the index is associated with greater economic 
policy uncertainty (EPU), stock market volatility, risk, and lower GDP growth. The data can be downloaded from 
https://worlduncertaintyindex.com/data/. 
4.1 Empirical model 

 We transform ADV, EM, and U.S. into a growth rate and WUI to be logarithm for attaining the stationary 
property. In practice, we need to determine or find the VAR model's optimal lag length; thus, this issue is taken 
                                                        
2 The reader is referred to Grossman et al., (2014) for further details. Data on 18 advanced (excluding the US, Japan, Germany, 
the United Kingdom (UK), France, Italy, Spain, Canada, South Korea, Australia, Taiwan, The Netherlands, Belgium, Sweden, 
Austria, Switzerland, Greece, Portugal, and Czech Republic, in order of Purchasing Power Parity (PPP)-adjusted GDP shares 
in 2005) and 21 emerging (China, India, Russia, Brazil, Mexico, Turkey, Indonesia, Poland, Thailand, Argentina, South Africa, 
Colombia, Malaysia, Venezuela, Philippines, Nigeria, Chile, Peru, Hungary, Bulgaria, and Costa Rica, in order of PPP-adjusted 
GDP shares in 2005) countries are used to compile the aggregates for these blocs, by using trade weights with the US in 
weighting the country-level data. 
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into account in this second application. The second empirical model is then specified as 

1 11 12 13 14 1
1 1 1 1

2 21 22 23 24 2
1 1 1 1

3 31 32 33 34
1 1

ADV = ADV EM US WUI

EM = ADV EM US WUI

US = ADV EM US WUI

P P P P
t p t p p t p p t p p t p t

p p p p
P P P P

t p t p p t p p t p p t p t
p p p p
P P

t p t p p t p p t p p
p p

     
     
    

      

      

   

    
    
   

   
   
  3

1 1

4 41 42 43 44 4
1 1 1 1

WUI = ADV EM US WUI

P P
t p t

p p
P P P P

t p t p p t p p t p p t p t
p p p p


     

 

      


    

 
   

,        (20) 

Table 3: Data description  
Growth ADV EM US WUI 

Mean 2.04 4.52 2.37 9.64 
Median 2.24 4.80 2.57 9.56 

Maximum -12.00 -9.68 -9.03 8.63 
Minimum 5.05 8.24 5.30 10.90 
Std. Dev. 1.95 2.33 1.96 0.49 
Skewness -3.85 -2.32 -2.35 0.24 
Kurtosis 23.00 10.90 9.94 -0.28 

Jarque-Bera 2757.7 a  657.42 a  567.69 a  1.6551 
ADF-test -0.9005 c  -3.0258 b  -1.7892 b  -6.9043 a  

Note: "a" denotes the interpretation of MBF as Substantial evidence for stationarity, "b" denotes the interpretation of MBF as very strong evidence for stationarity, , "c" denotes the interpretation of MBF as moderate evidence for stationarity. The calculation of MBF is 
documented in Vovk (1993) and Sellke et al. (2001). 

The basic statistics of the transformed data are provided in Table 3. Among the growth rate series, we observe 
the average of E.M. performs the highest values and followed by U.S., ADV, respectively. The variables E.M., 
U.S., and ADV show non-normality as there exhibit a negative skewness and high kurtosis values (>3), while WUI 
shows a weak skewness and low kurtosis values (less than 3). Therefore, we confirm this empirical evidence by 
using the normality Jarque-Bera(J-B) test. We note that as the warning over misuse of p-value in 2016 by 
Wasserstein and Lazar (2016), our statistical inference in this study is based on the Minimum Bayes factor (MBF). 
Following Goodman(1999), the interpretations of the MBF values are the following:   1 MBF 1/ 3   is 
considered weak evidence for the null hypothesis 1H , for 1/3 MBF 1/10   is considered as moderate evidence 
for 1H , 1/10 MBF 1/30   is considered as substantial evidence, 1/30 MBF 1/100   is strong evidence, from 
1/100 MBF 1/300   is very strong, and MBF 1/300  is decisive evidence.  

According to the Jarque-Bera test result in Table 3, the result provides decisive evidence of non-normal 
distribution for all variables, except WUI. Furthermore, as we consider the time-series data, the stationary property 
is tested for all series. The Augmented Dickey-Fuller (ADF) test is used here, and the result shows the substantial 
and decisive evidence of the stationary for our series.  
4.2 Model selection  

Table 4: Model Selection  
Model Lag 1 Lag 2 Lag 3  AIC BIC AIC BIC AIC BIC 

Independent copula-based VAR 992.8340 1048.3480 920.8340 1021.1841 910.8525 1055.2020 
Copula-based VAR  
Gaussian  990.0310 1046.8800 911.5040 1011.6240 910.0946 1055.0800 
Student-t  970.1235 1146.7770 1063.7720 1150.6970 909.7097 1043.4990 
Gumbel  1062.2550 1222.0850 1160.7310 1230.8310 962.4918 1077.4570 
Clayton  943.9913 1103.8210 1242.7220 1312.8220 900.2105 1018.1750 
Frank  1079.3360 1239.1650 1167.3420 1237.4420 970.6020 1085.5670 
Joe  1059.2770 1219.1070 1183.1630 1253.2640 974.2798 1089.2450 
Mixed copula-based VAR   



 10 of 19 
Gaussian - Student-t  1006.8540 1172.2910 1165.9700 1241.6790 963.2457 1083.8190 
Gaussian - Clayton  1084.5320 1249.9700 1414.6460 1490.3540 974.4595 1095.0320 
Gaussian - Frank  1067.9340 1233.3710 1187.7140 1263.4230 991.9847 1112.5580 
Gaussian - Gumbel  1067.9340 1233.3710 1400.5330 1476.2420 983.1733 1103.7460 
Gaussian - Joe  1031.9840 1197.4210 1191.5470 1267.2550 976.2062 1096.7790 
Student-t - Clayton  992.1519 1157.5890 1234.5540 1310.2630 960.5273 1081.1000 
Student-t - Frank  1017.1740 1182.6120 1163.3210 1239.0300 963.4613 1084.0340 
Student-t - Gumbel  1066.5610 1231.9980 1162.4440 1238.1520 983.2231 1104.9832 
Student-t - Joe  1002.8840 1168.3210 1134.3010 1210.0100 963.4745 1084.0470 
Clayton - Frank  1016.3820 1181.8200 1249.2310 1324.9390 975.2631 1095.8360 
Clayton - Gumbel  1071.3900 1236.8270 1171.4210 1247.1290 967.5743 1088.1470 
Clayton - Joe  1000.6810 1170.1180 1081.6600 1257.3680 894.3994 914.9720 
Frank - Gumbel  1087.5620 1253.0000 1171.2410 1246.9490 983.8359 1104.4090 
Frank - Joe  1047.4180 1212.8550 1179.3100 1255.0180 980.5843 1101.1570 
Gumbel - Joe  1061.4323 1226.3502 1177.8420 1253.5510 987.0008 1107.5740 

Note: Bold number indicated the lowest AIC and BIC 
 As we introduce many copula families for both single and mixed copula-based VAR models, we need to find 

the best copula-based model to investigate these four variables' relationship. To do this, we consider the AIC and 
BIC values as a tool for selecting the best model in this study. Note that, these two criteria provideunbiased model 
selection (Shumway and Stoffer, 2011). The model selection result is provided in Table 4. We find that a lag order 
of p=3 is suggested for most VAR models. When we compare our proposed model's performance, there is evidence 
that the mixed Clayton-Joe copula-based VAR model is the best fit model in this second application, since it has 
the smallest value of AIC and BIC, i.e., 894.3994 and 914.9720, respectively. Thus, this result also confirms the 
robustness of our mixed copula-based VAR model. Our best model's estimation result is reported in Table 7, while 
the Independent copula-based VAR and Gaussian copula-based VAR (classical VAR) estimation results are 
reported in Tables 5 and 6, respectively. We can observe that all three models' estimates are quite different in many 
cases, but the coefficients have the same signs in the three models. As we expected, the estimated parameters of 
Gaussian copula-based VAR and Independent copula-based VAR are quite close to each other since they have the 
same probability model, but their likelihood functions are evaluated in different ways. Moreover, we observe that 
almost all standard errors of our mixed Copula based VAR is smaller than those obtained from the Independent 
copula-based VAR and Gaussian Copula based VAR. 

4.3 Estimation results  
Table 5: Parameter estimates form the Independent copula-based VAR 
 ADVt  EMt  USt  WUIt  

  3.7419 (0.0000) 5.9363 (0.0156) 4.0347 (0.0869) 1.6482 (0.0663) 
1ADVt  1.6745 (0.0000) 0.5579 (0.0148) 0.5338 (0.0157) -0.0643 (0.5432) 

1EMt  0.4712 (0.0573) 1.4396 (0.0000) 0.5048 (0.0000) -0.0027 (1.0000) 
1USt  0.2442 (0.2021) 0.0964 (0.4939) 1.0183 (0.0000) 0.0125 (0.8922) 

1WUIt  -0.3194 (0.0013) -0.3562 (0.1996) -0.4199 (0.1178) 0.4439 (0.0000) 
2ADVt  -1.0603 (0.0000) -0.9901 (0.0037) -0.7251 (0.0252) 0.0864 (0.4656) 

2EMt  -0.5744 (0.0000) -0.5779 (0.1967) -0.7105 (0.0000) -0.0180 (0.8021) 
2USt  -0.5045 (0.0000) -0.2278 (0.2412) -0.2532 (0.1795) -0.0057 (0.9245) 

2WUIt  -0.0358 (1.0000) -0.2091 (0.4778) -0.1238 (0.6656) 0.1958 (0.0601) 
3ADVt  0.1985 (0.2983) 0.4495 (0.0387) 0.2327 (0.2503) -0.0341 (0.4453) 

3EM t  0.2000 (0.1092) 0.0287 (0.8343) 0.2612 (0.0432) 0.0224 (0.3454) 
3USt  0.3298 (0.0137) 0.0513 (0.7242) 0.0660 (0.8032) -0.0137 (1.0000) 

3WUIt  -0.0637 (0.1093) 0.0112 (0.12000) 0.1278 (0.1022) 0.1941 (0.0563) 
 Note: The paratheses ( ) denotes the MBF value.  
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Table 6: Parameter estimates from Clayton copula-based VAR model  
 ADVt  EMt  USt  WUIt  

  3.5419 (0.0000) 5.9513 (0.0000) 3.9941 (0.0132) 1.8442 (0.0254) 
1ADVt  1.3887 (0.0000) 0.4883 (0.0127) 0.3359 (0.0255) -0.0782 (0.3145) 

1EMt  0.0545 (0.6643) 1.4519 (0.0000) 0.1033 (0.2544) -0.0115 (0.8021) 
1USt  0.2296 (0.0000) 0.0723 (0.4594) 0.9413 (0.0000) 0.0004 (1.0000) 

1WUIt  -0.2543 (0.1286) -0.3796 (0.0067) -0.3497 (0.0529) 0.4553 (0.0000) 
2ADVt  -0.6435 (0.0000) -0.9385 (0.0000) -0.4263 (0.0541) 0.0968 (0.4007) 

2EMt  -0.0642 (0.4453) -0.5528 (0.0000) -0.1867 (0.1764) -0.0342 (0.6121) 
2USt  -0.3092 (0.0000) -0.1996 (0.2271) -0.0111 (0.9315) -0.0035 (1.0000) 

2WUIt  -0.0564 (1.0000) -0.1992 (0.3876) -0.0564 (0.7662) 0.1617 (0.1129) 
3ADVt  0.0126 (0.9032) 0.4593 (0.008) 0.0769 (0.5841) -0.0260 (0.7187) 

3EM t  0.0274 (0.6783) 0.0052 (0.9591) 0.0119 (0.8961) 0.0271 (0.5592) 
3USt  0.1705 (0.0135) 0.0230 (0.8557) -0.1031 (0.2915) -0.0228 (0.7002) 

3WUIt  -0.1141 (0.0683) 0.0338 (0.1000) 0.0752 (0.0732) 0.1941 (0.0461) Clayton copula dependence 
C  0.1551 (0.0000) 

Note: The paratheses ( ) denotes the MBF value.   
Table 7: Parameter estimates from Mixed Clayton-Joe copula-based VAR model  

   
 ADVt  EMt  USt  WUIt  

  3.7481 
(0.0000) 

5.6732 
(0.0024) 

4.0490 
(0.0031) 

1.6386 
(0.0902) 

1ADVt  1.6457 
(0.0000) 

0.6038 
(0.0071) 

0.6037 
(0.0000) 

-0.0171 
(1.0000) 

1EM t  0.3273 
(0.5663) 

1.4987 
(0.0000) 

0.5126 
(0.0000) 

-0.0832 
(0.1032) 

1USt  0.2882 
(0.0459) 

0.1954 
(0.2651) 

0.9752 
(0.0000) 

0.0261 
(1.0000) 

1WUIt  -0.3152 
(0.3001) 

-0.3302 
(0.3791) 

-0.4543 
(0.2339) 

0.4529 
(0.0000) 

2ADVt  -0.9988 
(0.0000) 

-1.0229 
(0.0000) 

-0.6599 
(0.0739) 

0.0217 
(1.0000) 

2EMt  -0.4013 
(0.0000) 

-0.6312 
(0.0000) 

-0.6375 
(0.0000) 

-0.1089 
(0.1123) 

2USt  -0.4485 
(0.0441) 

-0.3001 
(0.2265) 

-0.2887 
(0.3213) 

-0.0355 
(1.0000) 

2WUIt  0.0327 
(1.0000) 

-0.2421 
(0.5582) 

-0.0432 
(1.0000) 

0.1625 
(0.3442) 

3ADVt  0.1950 
(0.2269) 

0.4655 
(0.1453) 

0.2347 
(0.3021) 

-0.0197 
(0.8932) 

3EMt  0.1361 
(0.5099) 

0.0717 
(0.4562) 

0.1784 
(0.0321) 

0.0489 
(0.1714) 

3USt  0.2169 
(0.1672) 

0.0351 
(0.8492) 

-0.0487 
(0.7983) 

0.0040 
(1.0000) 

3WUIt  -0.0778 
(0.0902) 

0.0401 
(0.0000) 

0.1298 
(0.0045) 

0.2206 
(0.0982) 
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C  4.7323 
(0.0000) 

J  4.9295 
(0.0000) 

w  0.1697 
(0.0000) 

Note: The paratheses ( ) denotes the MBF value.  

The results of the mixed Clayton-Joe copula-based VAR model are presented in Table 7. We also provide the 
results of the other two conventional models consisting of a single Gaussian copula-based VAR (see. Table 6) and 
the Independent copula-based VAR (see. Table 5). We show estimate parameters from the model, and these 
parameters are described following the interpretation of MBF. We also provide the results of the other two 
conventional models consisting of Gaussian copula-based VAR (joint estimation) and the classical VAR. It is 
worth mentioning that these two conventional models' likelihood function is different, since the log-likelihood 
function of classical VAR is the summation of the logarithms of multivariate normal distribution. In contrast, the 
Gaussian Copula based VAR's log-likelihood function is the summation of the logarithms of the normal density 
functions for all equations and Gaussian copula function where the Gaussian copula parameter captures the 
correlation between all equations.  According to the results in Tables 5-7, we can observe that the parameter 
estimates of the copula-based approach can provide better computation and accuracy as the AIC and BIC are both 
lower than those of the classical VAR model (see. Table 4). We also observe that the estimated parameters of the 
classical VAR seem to be different from the copula-based model. Thus, disregarding the complicated joint 
distribution in VAR may lead the higher Bias in the parameter estimates. 
 The mixed copula dependence parameters are provided in the lower panel of Table 7. We know that Clayton 
and Joe copula is the best combination of copula families in this study. This indicates that the relationship among 
world uncertainty index, the advanced stock market, emerging stock market, and the U.S.'s gross domestic product 
is asymmetric. The weight parameter ( w ) is 0.1697, which indicates a mixing copula family in this model, and 
the weight seems to deviate to the Clayton copula rather than Joe copula. We also observe that the copula 
dependence of Clayton and Joe copula are 4.7323 and 4.9295, indicating that residuals of these four varibales 
exhibit a positive dependence. 
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Figure 1: Impulse response function from the Gaussian copula based-VAR model. Each variable's response 

to the unit standard deviation shock of other variables through IRF. The red dased lines are lower and upper 95% 
confidence bounds. 
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Figure 2: Impulse response function from the Clayton copula-based VAR model. Each variable's response to 

the unit standard deviation shock of other variables through IRF. The red dased lines are lower and upper 95% 
confidence bounds.  
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Figure 3: Impulse response function from the mixed Clayton-Joe copula-based VAR model. Each variable's 

response to the unit standard deviation shock of other variables through IRF. The red dased lines are lower and 
upper 95% confidence bounds. 
However, the coefficients do not represent a clear impact among these four variables. So, we use another statistical 
tool called the Impulse Response Function ( IRF)  to analyze the response-ability of each variable.  This method 
allows us to investigate the reaction of the response variable to the shock of other variables as well as itself. In our 
case, once we obtain the estimated parameters form copula- based model, we can compute the error term of each 
equation in the VAR system, 1 2 3 4{ , , , )t t t t t     . These error terms can be viewed as the shock of each 
variable at time t ( or possibly as an input signal called impulse) , while all response variables ty  can be viewed 
as the output. We then build the impulse response by estimating the coefficients in the following model  
                          2

1 2= ... ...j
t t t t t jy                                            (21) 

The coefficient in the model measures the impulse response as: 
                                    .j t

t j

y  
                                                      (22) 

From an econometric point of view, this method allows one to trace the transmission of a one standard 
deviation shock to one of the variables on the response of all variables in the VAR model and, thus, makes them 
very useful tools in assessing economic policies. In this study, the impact of shocks on all variables is considered 
to investigate how these shocks affect other variables. Note that, following the literature, the shocks in the model 
are identified based on a standard Cholesky recursive approach, whereby we order the variables from the highest 
degree of homogeneity to the lowest level, with WUI, U.S., ADV, and E.M. being the order.  
 
Thus, to have a better picture of the mixed copula-based VAR performance, we produce the IRF of this model in 
Figure 3. We also plot the IRFs of Gaussian copula- based VAR and Clayton copula-based VAR in Figures 1 and 
2, respectively, to compare with the IRF of mixed copula-based VAR. The IRFs for all pairs are illustrated over a 
10-quarter forecast. Interesting results from these three figures: (1) The results of IRFs obtained from these three 
VAR models are quite similar as the dynamic responses of endogenous variables to a unit standard deviation shock 
of other variables are similar over a 10-quarter forecast. (2) Interestingly, we observe that almost all 95 confidence 
bounds (red line) of the mixed copula-based VAR are narrower than those obtained from Gaussian copula- based 
VAR and Clayton copula-based VAR, indicating that IRF of mixed Copula based VAR is more efficient. 

According to the result of IRF in Figure 3, among these four variables shocks, the U.S. economy's shock on 
the other four variables contributes the largest, while the emerging stock market's shock contributes the weakest. 
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Specifically, with one standard deviation shock in the emerging stock on U.S. economy's and advanced stock 
markets and uncertainty, these variables have a very limited response around the zero line (equilibrium) over time. 
On the other hand, considering the case of U.S. economy's shock, one standard deviation shock in this variable is 
followed by the increase in all other variables, except for the world uncertainty index. 

More importantly, WUI shock has a negative impact on the growth rates of the various economic blocs. This 
result is consistent with theory. Intuitively, the effect of uncertainty on economic activity is generally explained by 
the real option theory (see for example, Bernanke (1983), Pindyck (1991), Dixit and Pindyck (1994), and more 
recently, Bloom (2009)), which suggests that decision-making is affected by uncertainty because it raises the option 
value of waiting. In other words, given that the cost associated with wrong investment decisions are very high, 
uncertainty makes firms and, in the case of durable goods, also consumers more cautious. As a result, economic 
agents postpone investment, hiring and consumption decisions to periods of lower uncertainty (which results in 
cyclical fluctuations in macroeconomic aggregates). In other words, uncertainty is expected to negatively impact 
consumption (investment and overall output).  
4.4 Assessing forecast performance: In- and Out-of sample forcasts  
We also evaluated the performance of our mixed copula model by considering the forecasting performance, 
therefore, we partitioned the data sample into in-sample and out-of-sample periods as 1990Q1-2014Q4 and 
2015Q1-2020Q4, respectively. In addition, we also investigate whether WUI enhance the forecasting power in 
ADV, E.M., and U.S. We then compare a VAR model that includes WUI with the VAR model without WUI.  
To evalutae our in-sample and out-of-sample forcasting perfromance, we considerd two loss functions, namely 
Root Mean Squares Error (RMSE), 2

1
1RMSE ( )n

t t
i

y yn 
    and Mean Absolute Error (MAE), 

1
1MAE n

t t
t

y yn 
   , where n  is the number of forecasting data (in and out of sample forecasts), 
{ , , )t t t ty US ADV EM  and { , , )t t ty US ADV EM     are the true observations and predicted values, 

respectively. However, sometimes, there is no consensus for selection based on the loss, thus, it is not easy to find 
the best forecasting model which minimizes all loss function. Ma, Zhou, Cai and Deng (2019) suggested that the 
comparison of the performance forecasting models in terms of a loss function cannot distinguish the predictive 
power among competing models in a statistically significant manner. Thus, we also conduct the Model confidence 
set (MCS) test of Hansen et al. (2011) to analyze the robustness in and out-of-forecasting result. This test is 
constructed from loss functions (RMSE and MAE) and different VAR models, distinguishing the best according 
to forecasting accuracy. The MCS procedure consists of a sequence of equal predictive accuracy tests through 
which a set of superior models (SSM) is defined, given a certain confidence level with the highest p-value 
indicating the best forecasting model. We note that our MCS test is based on the range statistic: 

                   , , , ,, 1 1
1 1max ( ) / var( ( )) ,N N

R i t j t i t j ti j M t t
T L L L LN N  

                             (23) 

where ,i tL  and ,j tL , 1,2,...,t n , is the loss function of model i and j in the set 0 01,2,...,M m  where 
0m  is the number of competitive VAR models. (for more detail, see Hansen et al. (2011)): 

4.4.1 In-sample statistical performance In this first experiment, we do in-sample forecasts to compare the overall performance of the 22 forecasting 
VAR(3) models with WUI and another 22 forecasting VAR(3) models without WUI. The in-sample statistical 
performance results of RMSE and MAE together with their corresponding MCS p-values are provided in Table 8. 
 
Table 8 In sample forecasting performance evaluation based on MAE and RMSE. 

Model VAR lag 3 Model with WUI Model with WUI Model without WUI Model without WUI  MAE MCS RMSE MCS MAE MCS RMSE MCS 
Independent  0.5862 0.2786 0.8231 0.2821 0.5903 0.0000 0.8537 0.0000 
Gaussian  0.5708 0.4561 0.8034 0.4392 0.5951 0.0000 0.8631 0.0000 
Student-t  0.5708 0.4561 0.8034 0.4392 0.5936 0.0000 0.8560 0.0000 
Gumbel  0.6336 0.0000 0.8771 0.0000 0.6021 0.0000 0.8636 0.0000 
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Clayton  0.5619 0.4734 0.7947 0.4880 0.6013 0.0000 0.8621 0.0000 
Frank  0.6365 0.0000 0.8601 0.0000 0.6027 0.0000 0.8637 0.0000 
Joe  0.6297 0.0000 0.8707 0.0000 0.6288 0.0000 0.8687 0.0000 
Gaussian - Student-t  0.5957 0.0000 0.8367 0.0000 0.5951 0.0000 0.8564 0.0000 
Gaussian - Clayton  0.5957 0.0000 0.8367 0.0000 0.5982 0.0000 0.8606 0.0000 
Gaussian - Frank  0.6006 0.0000 0.8138 0.0000 0.6011 0.0000 0.8629 0.0000 
Gaussian - Gumbel  0.5919 0.0000 0.8377 0.0000 0.6006 0.0000 0.8607 0.0000 
Gaussian - Joe  0.5857 0.0000 0.8367 0.0000 0.5980 0.0000 0.8578 0.0000 
Student-t - Clayton  0.6322 0.0000 0.8583 0.0000 0.6027 0.0000 0.8621 0.0000 
Student-t - Frank  0.6003 0.0000 0.8395 0.0000 0.6074 0.0000 0.8676 0.0000 
Student-t - Gumbel  0.6028 0.0000 0.8357 0.0000 0.5910 0.0000 0.8543 0.0000 
Student-t - Joe  0.6554 0.0000 0.8791 0.0000 0.6355 0.0000 0.9021 0.0000 
Clayton - Frank  0.8722 0.0000 1.0829 0.0000 0.5977 0.0000 0.8592 0.0000 
Clayton - Gumbel  0.5907 0.0000 0.8370 0.0000 0.5961 0.0000 0.8381 0.0000 
Clayton - Joe  0.5388 1.0000 0.7598 1.0000 0.5951 0.0000 0.8370 0.0000 
Frank - Gumbel  0.8751 0.0000 1.0853 0.0000 0.8971 0.0000 1.1583 0.0000 
Frank - Joe  0.6280 0.0000 0.8601 0.0000 0.6014 0.0000 0.8590 0.0000 
Gumbel - Joe  0.6086 0.0000 0.8459 0.0000 0.5974 0.0000 0.8593 0.0000 

Note: The bold numbers indicate the lowest error rate (MAPE and RMSE). The p-values of the MCS test are larger than the 
0.1, indicating that these models can survive in the MCS test, and the higher the p-value,the better forecasting accuracy of the 
model. 
Table 8 shows the RMSE and MAE as well p-value of MCS test results by using bootstrap simulation at 
1000 times. We note that models with lower RMSE and MAE, and greater, p-value implies that they are more 
accurate in prediction performance in all three forecasting horizons. We can see that Clayton–Joe copula-based 
VAR with WUI data is statistically superior to all the other models. The MAE and RMSE of the models are the 
lowest while their MCS's p-values are equal to one. This analysis demonstrates that the Clayton–Joe copula-based 
VAR model has outstanding performance compared to other models for this in-sample forecast. We also find that 
most VAR models combined with WUI have better performance than the models without WUI, confirming that 
the EPU index has a good forecasting power in ADV, E.M., and U.S. Hence, it can be concluded that if the WUI 
data is considered as the predictor variable in the VAR model, the better predictions of the growths of the advanced 
stock market, emerging stock market, and the U.S. GDP are obtained. 
4.4.2: Out-of-sample forecast In this sub-section, we consider only 3 forecasting VAR(3) models with WUI (Gaussian, Clayton, and 
Clayton–Jo) and these three models without WUI, since out-of-sample forecasting is considered to be the most 
relevant test for an econometric framework and predictors, rather than in-sample analyses (Campbell, 2008). We 
choose Gaussian as this model is equivalent to the classical VAR model, Clayton is the best fit single copula for 
joining the errors in VAR(3), while Clayton–Jo performs the best in the model in the in-sample forecasts.  

Then, the parameters of these six models are optimized on a training set; the testing set is used to compare 
the quality of the models. The former is used to build the forecasting models, and the latter is used to evaluate the 
accuracy of the various models. Again, the forecasting quality of the forecasting models is measured using the 
MAE, RMSE, and MCS test based on MAE and RMSE. The data set is divided into two parts for the use in training 
(1990Q1-2014Q4) and forecasting (2015Q1-2020Q4). The first part is used to build the forecasting models, while 
the second is intended to evaluate the various models' accuracy. The models are estimated recursively to include 
observations from the out-of-sample period. In the predictive comparison, we consider forecast horizons of 
horizons of 1 to 6 quarter-ahead forecasts. Particularly, the forecast up to 6 quarters ahead are computed one more 
observation is added to the sample and forecasts up to 6 quarters ahead are again generated and so on. 
 
Table 9 Out-of-sample forecasting performance evaluation based on MAE and RMSE. 
  1 step 2 steps 3 steps 4 steps 5 steps 6 steps Average 

MAE 
Model with WUI 
Gaussian 0.6233 

(0.0000) 
0.7032 

(0.0000) 
0.7832 

(0.0000) 
0.8211 

(0.0000) 
0.8991 

(0.0000) 
0.9821 

(0.0000) 4.8120 
Clayton 0.6021 

(0.0000) 
0.6722 

(0.0000) 
0.7692 

(0.0000) 
0.8133 

(0.0000) 
0.8676 

(0.0000) 
0.9722 

(0.0000) 
4.6966 

 
Clayton - Joe 0.5619 0.6023 0.6792 0.7522 0.8322 0.9091 4.3369 
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(1.0000) (1.0000) (1.0000) (1.0000) (1.0000) (1.0000)  

Model without WUI 
Gaussian 0.6499 

(0.0000) 
0.7322 

(0.0000) 
0.8122 

(0.0000) 
0.8821 

(0.0000) 
0.9732 

(0.0000) 
1.3923 

(0.0000) 
5.4419 

 
Clayton 0.6389 

(0.0000) 
0.7301 

(0.0000) 
0.8232 

(0.0000) 
0.8702 

(0.0000) 
1.0013 

(0.0000) 
1.4902 

(0.0000) 
5.5539 

 
Clayton - Joe 0.6032 

(0.0000) 
0.7032 

(0.0000) 
0.8232 

(0.0000) 
0.8652 

(0.0000) 
0.9622 

(0.0000) 
1.2399 

(0.0000) 
5.1969 

  1 step 2 steps 3 steps 4 steps 5 steps 6 steps Average 
RMSE 

Model with WUI 
Classical VAR  0.8711 

(0.0000) 
0.9221 

(0.0000) 
0.9928 

(0.0000) 
1.1021 

(0.0000) 
1.2091 

(0.0000) 
1.2839 

(0.0000) 
6.3811 

 
Clayton 0.8537 

(0.0000) 
0.8932 

(0.0000) 
0.9632 

(0.0000) 
1.0800 

(0.0000) 
1.1228 

(0.0000) 
1.2773 

(0.0000) 
6.1902 

 
Clayton - Joe 0.7801 

(1.0000) 
0.8445 

(1.0000) 
0.8922 

(1.0000) 
0.9763 

(1.0000) 
1.0933 

(1.0000) 
1.2003 

(1.0000) 
5.7867 

 
Model without WUI 
Classical VAR  0.8941 

(0.0000) 
0.9334 

(0.0000) 
1.0012 

(0.0000) 
1.1720 

(0.0000) 
1.2681 

(0.0000) 
1.7211 

(0.0000) 
6.9899 

 
Clayton 0.8753 

(0.0000) 
0.9291 

(0.0000) 
0.9872 

(0.0000) 
1.1562 

(0.0000) 
1.3721 

(0.0000) 
1.9822 

(0.0000) 
7.3021 

 
Clayton - Joe 0.8561 

(0.0000) 
0.8921 

(0.0000) 
0.9872 

(0.0000) 
1.1449 

(0.0000) 
1.2432 

(0.0000) 
1.5928 

(0.0000) 
6.7163 

 
Note: The bold numbers indicate the lowest error rate (MAPE and RMSE). The p-values of the MCS test are larger than the 
0.1, indicating that these models can survive in the MCS test, and the higher of the p-value, means the better forecasting 
accuracy by the model.  
According to the results of the out-of-sample forecasts in Table 9, we find that both RMSE and MAE as well as 
their corresponding MCS tests, provide a consensus result. Based on the RMSE and MSE criterion, Clayton - Joe 
copula-based VAR with WUI still performs the best in all forecasting horizons, 1 up to 6-steps ahead. The model's 
score is the smallest in term of RMSE and MAE when compared to other models, including those models without 
WUI, indicating the deviation between the predicted values obtained from Clayton - Joe copula-based VAR with 
WUI and their actual observations are smaller with a better forecasting accuracy than other competing models. 
Furthermore, based on the MCS test results, we observe that all p-values of our Clayton - Joe copula-based VAR 
with WUI are equal to 1.000. These results are consistent with that in Table 8. We also find that the model 
combining with WUI has a better performance than the model without WUI, confirming that the WUI has a good 
forecasting power in the growths of the advanced stock market, emerging stock market, and the U.S. GDP. 

 
6.  Conclusion  The study attempts to extend the VAR model using the mixed copula approach to join the VAR model's 
multivariate marginal distribution. Thus, the model becomes more flexible in dealing with various complicated 
dependence structures of the joint distribution. Several classes of Copula are considered and compared in this 
study: Elliptical, Archimedean, and mixed Copula, which is a combination of two or more copula families from 
Elliptical and Archimedean classes. The estimation technique used in this study is the maximum likelihood method. 
We employ the full maximum likelihood (FML) (one-step estimation) rather than the inference for margins (IFM) 
(two-step estimation) as we aim to improve the likelihood of the VAR model in order to gain more accurate 
parameter estimates. Two experimental studies are suggested to validate the accuracy of the one-step maximum 
likelihood estimation as well as the performance of our model.   

We further investigate the performance of the mixed copula-based VAR model using real data analysis. Our 
overall result shows that the Clayton-Joe copula-based VAR model provides the best fit for our data. This model's 
AIC and BIC are lower than other copula-based VAR specifications as well as the traditional VAR model. In 
addition, we further conduct the in- and out-of-sample forecasts. The results suggest that Clayton-Joe copula-based 
VAR model with WUI performs superiority in this application study. Our findings have important economic 
implications for stock investors and the U.S policy makers to pay more attention to the change of worldwide 
economic policy uncertainty.  

We leave to study further the issue of deriving the mathematical proof of asymptotic properties and 
consistency. In addition, our proposed model and estimation can be straightforwardly applied to other copula 
families. Future research may focus on developing copula models even further, and the Bayesian approach is 
another estimation that could be used to estimate the large parameter estimates in our proposed model. 
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