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Notation and definitions

1 General Notation

The symbol :=’ denotes ‘equal by definition’. The sets of all natural (not including 0), integer, real, and
complex numbers are denoted by N, Z, R, C, respectively. If A € C, then we write & A for its real part, S A
for its imaginary part, and A for its complex conjugate. The symbols [a, b], ]a, b denote, respectively, closed
and open intervals in R. Moreover,

No :=={0,1,2,...}.

If there is a need to emphasise that we deal with multidimensional quantities, we use boldface characters,
for example © = (z1,...,2,) € R™. Usually we use the Euclidean norm in R", denoted by

N2
|z = _71351'-

7

If 2 is a subset of any topological space X, then by (2 and Int {2 we denote, respectively, the closure and
the interior of {2 with respect to X. If (X, d) is a metric space with metric d, we denote by

B, ={yeX; d(z,y) <r}

the closed ball with centre x and radius r. If X is also a linear space, then the ball with radius r, centred at
the origin, is denoted by B,..

Let f be a function defined on a set 2 and = € 2. We use one of the following symbols to denote this
function: f, x — f(z), and f(-). The symbol f(z) is in general reserved to denote the value of f at =z,
however, occasionally, we abuse this convention and use it to denote the function itself.

If {zn}nen is a family of elements of some set, then the sequence of these elements, that is, the function
n — x,, is denoted by (z,)nen. However, for simplicity, we often abuse this notation and use (z,)ren also
to denote {zy, }nen.

The derivative operator is usually denoted by 0. However, as we occasionally need to distinguish different
types of derivatives of the same function, we use other commonly accepted symbols for differentiation. To
indicate the variable with respect to which we differentiate we write 0,9y, 072, .... If © = (21,...,2,) € R",
then O := (0y,, ..., 0y, ) is the gradient operator.

If8:=(P1,...,8n), Bi > 0is a multi-index with |5| := 81 +-- -+ B, = k, then symbol agf is any derivative
of f of order k. Thus, Zfﬁlzoaﬁf means the sum of all derivatives of f of order less than or equal to k.
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2 Basic spaces

If 2 C R™ is an open set, then for k € N the symbol C*(£2) denotes the set of k times continuously
differentiable functions in 2. We denote by C(£2) := C°(2) the set of all continuous functions in 2 and

C>(92) := ﬁ ck(0).
k=0

Functions from C*(2) need not be bounded in (2. If they are required to be bounded together with their
derivatives up to the order k, then the corresponding set is denoted by C’f(Q).

For a continuous function f, defined on {2, we define the support of f as

suppf = {z € 2; f(x) # 0}.

The set of all functions with compact support in {2 which have continuous derivatives of order smaller than
or equal to k is denoted by C¥(£2). As above, Cy(£2) := CJ(§2) is the set of all continuous functions with
compact support in {2 and

Coo(92) =[] CE(9).
k=0

Another important standard class of spaces are the spaces L,(£2), 1 < p < oo, of functions integrable with
power p. To define them, let us establish some general notation and terminology. We begin with a measure
space (2, X, 1), where (2 is a set, X is a o-algebra of subsets of {2, and p is a o-additive measure on X. We
say that p is o-finite if 2 is a countable union of sets of finite measure.

In most applications in this book, {2 C R™ and X' is the o-algebra of Lebesgue measurable sets. However,
occasionally we need the family of Borel sets which, by definition, is the smallest o-algebra which contains
all open sets. The measure p in the former case is called the Lebesgue measure and in the latter the Borel
measure. Such measures are o-finite.

A function f : 2 — R is said to be measurable (with respect to X, or with respect to u) if f~1(B) € X for
any Borel subset B of R. Because X is a o-algebra, f is measurable if (and only if) preimages of semi-infinite
intervals are in .

Remark 1.1. The difference between Lebesgue and Borel measurability is visible if one considers compositions
of functions. Precisely, if f is continuous and g is measurable on R, then g o f is measurable but, without
any additional assumptions, f o g is not. The reason for this is that the preimage of {x > a} through f
is open and preimages of open sets through Lebesgue measurable functions are measurable. On the other
hand, preimage of {x > a} through g is only a Lebesgue measurable set and preimages of such sets through
continuous are not necessarily measurable. To have measurability of f o g one has to assume that preimages
of sets of measure zero through f are of measure zero (e.g., f is Lipschitz continuous).

We identify two functions which differ from each other on a set of y-measure zero, therefore, when speaking
of a function in the context of measure spaces, we usually mean a class of equivalence of functions. For most
applications the distinction between a function and a class of functions is irrelevant.

The space of equivalence classes of all measurable real functions on {2 is denoted by Lo({2,du) or simply
Lo(£2).

The integral of a measurable function f with respect to measure p over a set {2 is written as

/fdu=/f(w)dua:7
2

2

where the second version is used if there is a need to indicate the variable of integration. If u is the Lebesgue
measure, we abbreviate dug = dx.
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For 1 < p < o0, the spaces L,({2) are defined as the subspaces of Lo (f2) consisting of functions for which
1/p

1l = 1112, o) = / F@lde | < oo (1.2.1)
P

The space L,(£2) with the above norm is a Banach space. It is customary to complete the scale of L, spaces
by the space Lo ({2) defined to be the space of all Lebesgue measurable functions which are bounded almost
everywhere in (2, that is, bounded everywhere except possibly on a set of measure zero. The corresponding
norm is defined by

[flloe :=IfllLwc(e) := inf{M; p({z € 2; |f(x)| > M}) = 0}. (1.2.2)

The expression on the right-hand side of (1.2.2) is frequently referred to as the essential supremum of f over
(2 and denoted esssupgcq |f(x)].

If u(£2) < oo, then for 1 < p < p’ < 0o we have
L, (2) C L,(2) (1.2.3)

and, for f € Lo(£2),
Il = tim 15l (1.2.4)

which justifies the notation. However,
N Lp(2) # Loo(92),
1<p<oo
as demonstrated by the function f(z) =Inz, x € (0,1]. If u(£2) = oo, then neither (1.2.3) nor (1.2.4) hold.

Occasionally we need functions from Lo(f2) which are L, only on compact subsets of {2 C R™. Spaces of
such functions are denoted by Ly 1o.(£2). A function f € Ly j0.(£2) is called locally integrable (in §2).

In many applications the set {2 is countable (or even finite). In such a case {2 will be identified with N (or Np)
and will be equipped with a (possibly weighted) counting measure. Accordingly, we shall use the notation I,
to denote the space of sequences x = (2, )nen equipped with the norm

00 1/p
[l = (Z |xn|p> < o0
n=1
and [, is the sequences are bounded with [|x||s = sgg |25 ]
Let £2 C R™ be an open set. It is clear that

Coo(£2) € Lp(£2)
for 1 <p < oo.If p €[1,00), then we have even more: C§°(£2) is dense in L,(2).

T (@) = Ly(9), (1.2.5)

where the closure is taken in the L,-norm.

Example 1.2. Having in mind further applications, it is worthwhile to have some understanding of the struc-
ture of this result. Let us define the function

1
(@) = oxp (=) for |l <1 (1.2.6)
0 for |x| > 1.

This is a C§°(R™) function with support Bj.
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Using this function we construct the family
we(z) = Cew(z/e),

where C. are constants chosen so that [, we(z)dz = 1; these are also C§°(R") functions with support B,
often referred to as mollifiers. Using them, we define the regularisation (or mollification) of f by taking the
convolution

@*ﬂ@wz/f@—m%wwy=/ﬂw%@—w@. (1.2.7)
R™ R

Precisely speaking, if £2 # R™, we integrate outside the domain of definition of f. Thus, in such cases below,
we consider f to be extended by 0 outside (2.

Then, we have
Theorem 1.3. With the notation above,

1. Letp € [1,00). If f € L,(12), then
lim (g% f — £, = 0.
e—0Tt

2. Let 2 be open. If f € C(£2), then J. * f — f uniformly on any G such that G C 2 (G € 2).
3. If 2 is compact and f € C(£2), then J. x f — f uniformly on £2.

Remark 1.4. We observe that, if f is nonnegative, then f. are also nonnegative by (1.2.7) and hence any non-
negative f € L,(R™) can be approximated by nonnegative, infinitely differentiable, functions with compact
support.

3 Operators

Let X,Y be real or complex Banach spaces with the norm denoted by | - || or || - || x-

An operator from X to Y is a linear rule A : D(A) — Y, where D(A) is a linear subspace of X, called the
domain of A. The set of operators from X to Y is denoted by L(X,Y). Operators taking their values in the
space of scalars are called functionals. We use the notation (A, D(A)) to denote the operator A with domain
D(A). If A € L(X,X), then we say that A (or (4, D(A))) is an operator in X.

By L(X,Y), we denote the space of all bounded operators between X and Y; £(X, X) is abbreviated as
L(X). The space L(X,Y) can be made a Banach space by introducing the norm of an operator X by

[All = sup [[Az| = sup [Az]]. (1.3.8)
o<1 o) =1

If (A,D(A)) is an operator in X and Y C X, then the part of the operator A in Y is defined as
Ayy = Ay (1.3.9)

on the domain
D(Ay)={z e D(A)NY; Az €Y}

A restriction of (A,D(A)) to D C D(A) is denoted by A|p. For A,B € L(X,Y), we write A C B if
D(A) C D(B) and B|D(A) = A.

Two operators A, B € L(X) are said to commute if AB = BA. It is not easy to extend this definition to
unbounded operators due to the difficulties with defining the domains of the composition. The extension
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is usually done to the case when one of the operators is bounded. Thus, an operator A € L(X) is said to
commute with B € L(X) if
BA C AB. (1.3.10)

This means that for any « € D(A), Bx € D(A) and BAz = ABx.
We define the image of A by

ImA={yeY; y= Ax for some z € D(A)}

and the kernel of A by
KerA = {x € D(A); Az =0}.

We note a simple result which is frequently used throughout the book.

Proposition 1.5. Suppose that A, B € L(X,Y) satisfy: A C B, KerB = {0}, and ImA =Y. Then A = B.

Proof. If D(A) # D(B), we take x € D(B) \ D(A) and let y = Bx. Because A is onto, there is ' € D(A)
such that y = Ax’. Because 2’ € D(A) C D(B) and A C B, we have y = Az’ = Bz’ and Ba’ = Bz. Because
KerB = {0}, we obtain z = 2’ which is a contradiction with = ¢ D(A). O

Furthermore, the graph of A is defined as
G(A) ={(z,y) e X xY; z € D(A),y = Ax}. (1.3.11)

We say that the operator A is closed if G(A) is a closed subspace of X x Y. Equivalently, A is closed if and
only if for any sequence (z,,)neny C D(A), if limy, 00 2, =  in X and lim,, oo Ax,, =y in Y, then € D(A)
and y = Az.

An operator A in X is closable if the closure of its graph G(A) is itself a graph of an operator, that is, if
(0,y) € G(A) implies y = 0. Equivalently, A is closable if and only if for any sequence (z,)neny C D(A), if
lim, soo £, = 0 in X and lim,, ,o, Az, = y in Y, then y = 0. In such a case the operator whose graph is
G(A) is called the closure of A and denoted by A.

By definition, when A is closable, then

D(A) = {x € X; thereis (x,)nen C D(A) and y € X such that
|lzn — || — 0 and || Az, — y|| — 0},
Axr = y.

For any operator A, its domain D(A) is a normed space under the graph norm
[zlpay = llzllx + [|Az]ly (1.3.12)

The operator A : D(A) — Y is always bounded with respect to the graph norm, and A is closed if and only
if D(A) is a Banach space under (1.3.12).

3.1 The differentiation operator

One of the simplest and most often used unbounded, but closed or closable, operators is the operator of
differentiation. If X is any of the spaces C([0,1]) or Ly([0,1]), then considering f,(z) := Cpa", where

C, =1 in the former case and C,, = (np + 1)*/? in the latter, we see that in all cases | f,|| = 1. However,
1/p
1
Josl=n (2E1)
np+1—p

in L,([0,1]) and ||0f,|| = n in C([0,1]), so that the operator of differentiation is unbounded.
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Let us define T'f = f’ as an unbounded operator on D(T) = {f € X; Tf € X}, where X is any of the above
spaces. We can easily see that in X = C([0,1]) the operator T is closed. Indeed, let us take (f,)nen such
that lim, e fr, = f and lim, o0 T'fr, = g in X. This means that (f,)nen and (f])nen converge uniformly
to, respectively, f and g, and from basic calculus f is differentiable and df = g.

The picture changes, however, in L, spaces. To simplify the notation, we take p = 1 and consider the sequence
of functions

0 f0r0<:r§%7
2
fa(z) =4 % (z—3) for%<m§%+%,
x—%—% for§+%<x§1

These are differentiable functions and it is easy to see that (f,)nen converges in L1 ([0, 1]) to the function
f given by f(x) = 0 for x € [0,1/2] and f(x) = 2 — 1/2 for € (1/2,1] and the derivatives converge to
g(x) =0if z € [0,1/2] and to g(x) = 1 otherwise. The function f, however, is not differentiable and so T is
not closed. On the other hand, g seems to be a good candidate for the derivative of f in some more general
sense. Let us develop this idea further. First, we show that T is closable. Let (f,,)nen and (9f,,)nen converge
in X to f and g, respectively. Then, for any ¢ € C5°((0, 1)), we have, integrating by parts,

1

/1 08, (0)o@)de = - [ f(2)00(w)ds
0

0

and because we can pass to the limit on both sides, we obtain

/g(x)gb(x)dx: —/f(x)agb(x)dx. (1.3.13)
0 0

Using the equivalent characterization of closability, we put f = 0, so that

/ g(2)é(z)dz = 0
0

for any ¢ € C§°((0,1)) which yields g(x) = 0 almost everywhere on [0,1]. Hence g = 0 in L;([0,1]) and
consequently T is closable.

The domain of T in L;([0,1]) is called the Sobolev space W ([0, 1]) which is discussed below.

These considerations can be extended to hold in any {2 C R™. In particular, we can use (1.3.13) to generalize
the operation of differentiation in the following way: we say that a function g € L1 j0.({2) is the generalised
(or distributional) derivative of f € Li j.(£2) of order «, denoted by 9% f, if

[ s@ot@itz = ()" [ f()050()de (1.3.14)
Q Q

for any ¢ € C§°(12).

This operation is well defined. This follows from the du Bois Reymond lemma.

From the considerations above it is clear that 8:% is a closed operator extending the classical differentiation

operator (from C!#1(£2)). One can also prove that 9 is the closure of the classical differentiation operator.

Proposition 1.6. If 2 = R", then 0° is the closure of the classical differentiation operator.

Proof. We use Proposition 1.3. Indeed, let f € L,(R") and g = 0% f € L,(R™). We consider f. := Jox f — f
in L,. By the Fubini theorem, we prove
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/ (e % ) (@) $la)da = / we(®) / f(@ — 9)0° b(x)dwdy
]Rn

R R™

= (-1 / we(y) / o — y)¢(x)dady

Rn R

= (-1 / (J. % )b (x)dz

R

so that 9°f. = J.x 0°f = J.x g — g as € — 0 in L,(R™). This shows that action of the distributional
derivative can be obtained as the closure of the classical derivation.

Otherwise the proof is more complicated since we do not know whether we can extend f outside {2 in such
a way that the extension still will have the generalized derivative. We shall discuss it later.

Ezample 1.7. A non closable operator. Let us consider the space X = Ly((0,1)) and the operator K :
X =Y, Y =X x C (with the Euclidean norm), defined by

Kv=<w,v(1) > (1.3.15)

on the domain D(K) consisting of continuous functions on [0, 1]. We have the following lemma

Lemma 1.8. K is not closable, but has a bounded inverse. ImK is dense in'Y .

Proof. Let f € C*°([0,1]) be such that

_JOofor0<z<1/3
f(x)_{lfor2/3<x§1.

To construct such a function, we can consider e.g. J. *x f, where

f

(@) = 1 for %—e<x§1,
~ ] 0 otherwise

and € < 1/3. Let v, (z) = f(2™) for 0 < 2 < 1. Clearly, v, € D(K) and v, — 0 in L3((0,1)) as

1

1 1
/fz(x")dx = / fA(z™)dr = % / 27 £2(2)dz.
0 /3

3—1/n 1
However, Kv, =< v,,1 >—>< 0,1 >#<0,0 >.
Further, K is one-to-one with K ~*(v,v(1)) = v and

1K= 0,0 = (o]l < [lol® + [o(1).

To prove that ImK is dense in Y, let < y,a >€ Y. We know that C§°((0,1)) C D(K) is dense in Z =
L2((0,1)). Let (¢y,) be sequence of C§°-functions which approximate y in L2(0,1) and put w, = ¢, + av,.
We have Kw,, =< wy,,a >—=< y,a >.

3.2 Operators defined by bilinear forms

In Hilbert spaces there is a convenient way of defining operators through bilinear (sesquilinear) forms.

Definition 1.9. Let V be a Hilbert space. A bilinear form a : V x V — R is said to be
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(i) continuous of there is a constant C such that

la(z, )l < Cllelliyl,  =yeV;

coercive if there is a constant o > 0 such that

a(z,z) > af|z]*.

Note that in the complex case, coercivity means Ra(z,z) > o z||.

If we fix x € V, then y — a(z,y) is a continuous linear functional on V. Thus there is an operator A : V' — V*
satisfying a(z,y) =<Axz,y>y-xyv. Clearly, A is linear and satisfies

[Az[lv- < Cllzlv, (1.3.16)
<Az, y>vexy > alz|?. (1.3.17)

Indeed,

[Az|| = sup | <Az,y>v-xv | < Cllz|| sup [yl
llyll=1 llyll=1

and (1.3.17) is obvious.

The above construction often is used in the following context. Let V and H be two Hilbert spaces such that
V C H with continuous and dense embedding. Using the Riesz theorem, we identify H with H* and then
we can make identification

VCcCHCV™

Then a continuous bilinear form a(-, -) defines an unbounded operator A in H by restricting the operator A
defined above to
D(A)={ueV; Auec H}.

An important result in this context is known as the Lax-Milgram lemma.

Theorem 1.10. Assume that a(-,-) is a continuous coercive bilinear form on a Hilbert space V. Then, given
any ¢ € V*, there exists a unique element x € V such that for anyy € V

a(r,y) =< ¢,y >vexv (1.3.18)

Moreover, if a is symmetric, then x is characterized by the property

1 1
z eV and §a(x,a:)— < P, Syrxy= n’él‘l/l §a(y,y)— <O, Y Svexv - (1.3.19)
y

4 Sobolev spaces

With the notion of generalised derivative we can introduce a class of Banach spaces which will play crucial
role in the theory of differential equations which will be used throughout the lectures: the Sobolev spaces.

Let £2 C R™. For p € [1,00] we define the Sobolev spaces W ({2) are defined as
W (82) := {u € Ly(92); 0%u € Ly(92), |a] <m}.

These are Banach spaces with the norm

o=

lullwyr (o) = Z \\G“UII’ZP(Q>

lal<m
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For the particular case p = 2, Wi ({2) is a Hilbert space with the inner product

(u, V)W (2) = Z (('“)auﬁav)LQ(Q).

la|<m

From Proposition 1.6 we see that for p € [1, 00[ the space C§°(R") is dense in W*(R"). For 2 # R" the
problem is more difficult due to the behaviour of functions close to the boundary of 2.

4.1 One dimensional case

A special role is played by Sobolev spaces in one dimension. This is due to the following theorem.

Theorem 1.11. Assume that u € Ly 1,.(R) and its generalised derivative Ou also satisfies Ou € Ly 10c(R).
Then there is a continuous representation @ of u such that

i(x) =C+ [ dult)dt
/

for some constant C' and thus u is differentiable almost everywhere.

In the proof we use two facts. First, that if f € Ly jo.(R) satisfies

H{ f¢ldz =0

for any ¢ € C5°(R), then f = const almost everywhere and, second, that the function v(x) = ffo fly)dy
with f € Ly 0.(R) is continuous and the generalized derivative of v, dv, equals f. The most difficult part,
that v is differentiable almost everywhere, is proved in a real analysis courses.

This makes it easier to prove that that restrictions of C§°(R) functions are dense in W"(I), where I is an
interval. To be able to use Proposition 1.6, we begin by extending the functions to R.

We focus our attention on u € W (I) with I =]0, oo[. Then, defining

N u(z) forz >0,
w(@) = {u(—x) for x < 0

we find that
_ Jov(x) forx>0,

v(@) = { —Ou(—z) for x <0
satisfies v € L,(R) and, using the fact that u* is continuous,

x

(@) — u(0) = /v(s)ds.

0

Hence, by the previous theorem, v € Wpl(]R). In the case of |a,b], we transform it to I =]0, 1] and consider
the decomposition
w=nu+ (1 n)u

where 7 is a C* function equal to 1 for x €] — 00, 1/4] and to 0 for z € [3/4, co[. Then nu can be extended
by 0 to [0, co| without changing its class and then by reflection as above. The second term is extended by 0
to | — 00,1] and then by reflection (about 1). In this way we obtain u* € W, (R). For u* we use Proposition
1.6 to find a sequence (uy)nen C C§°(R) such that u,, — v* and du,, — Ou* in L,(R) and thus the sequence
of restrictions (un|r)nen converges to u in W) ([).
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In the case u € W} (1), the extension across is done by the following reflection

(@) = u(x) for z >0
WAL= Alu(—a:)—l—)\gu(—%)—l—...—i—/\mu(—%) for x < 0,

where A1, ..., A\, is the solution of the system
M+X+...+ A, =1,
—()\1+)\2/2+...+)\m/m) =1,
(=)™ A+ A/2m N /mmh =1

These conditions ensure that the derivatives are continuous at x = 0.

4.2 Dirichlet problem

One of the classical problems in mathematics and physics is the Dirichlet problem for the Poisson equation
in {2 C R™. Find u which solves

—Au=f in £, (1.4.20)
u|39 =0. (1.4.21)

Assume that there is a solution u € C2%(£2) N C(£2). If we multiply (1.4.20) by a test function ¢ € C5°(£2)
and integrate by parts, then we obtain the problem

/Vu -Vodzr = /f¢d:c. (1.4.22)
1o’ Q

Let us consider the space H = Lo(£2), 2 C R™ bounded, with the scalar product

(u,v)g = /u(;v)v(x)dw
Q

We know that CgO(Q)H = H. The relation (1.4.22) suggests that we should consider another scalar product,
initially on C§°(£2), given by

(u,v)0,1 = /Vu(x)Vv(x)dm.
2

Note that due to the fact that u,v have compact supports, this is a well defined scalar product as
0= (u,u)o1 = / |Vu(z)|?dz
0

implies u,, =0 fgr all x;, 4 =1,...,n hence u = const and thus u = 0. Note that this is not a scalar product
on a space C(12).

A fundamental role in the theory is played by the Zaremba - Poincare - Friedrichs lemma.

Lemma 1.12. There is a constant d such that for any u € C§°(2)

lullo < dl|ullo,- (1.4.23)
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We define I/?/%(Q) as the completion of C5°(£2) in the norm || - [|p,1. We have

Theorem 1.13. The space I/IO/' 3(02) is a separable Hilbert space which can be identified with a subspace

continuously and densely embedded in Lo(£2). Every v EI/(I)/%(Q) has generalized derivatives D,,v € Lo(§2).
Furthermore, the distributional integration by parts formula

/(“)xivudm = —/U@xiudaz (1.4.24)
Q Q

is valid for any u,v EV([)/%(Q)
We note that Zaremba - Poincare - Friedrichs lemma shows that on I/?/%(.Q) the norm || - ||o,1 is equivalent to
I llwz o)

Consider now on I/?/%(Q) the bilinear form

a(u,v) = /Vqudw.
Q

Clearly, by Cauchy-Schwarz inequality
|a(u, v)| < [lullo1l|v]lo,x

and

au,u) = /VUVUd-’L’ = [lull§ 1
2

and thus a is a continuous and coercive bilinear form on I/?/%(Q) Thus, if we take f € (I/?/%(Q))* D Ly(92)
then there is a unique u EVc[)/é(Q) satisfying

/Vquda: =<50> G iz
(93

o
for any v €W3(£2) or, equivalently, minimizing the functional

1 2
T) = §/|W| de= < 10> oty
2

over K :V([)/%(Q)
The question is what this solution represents. Clearly, taking v € C§°(£2) we obtain
—Au=f

in the sense of distribution. However, to get a deeper understanding of the meaning of the solution and, in

o
the particular, in what sense the boundary condition is satisfied, we have investigate the structure of Wi (2)
which is beyond the scope of these lectures.
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Motivation

1 Models and semigroups

Laws of physics and, increasingly, also those of other sciences are in many cases expressed in terms of
differential or integro—differential equations. If one models systems evolving with time, then the variable
describing time plays a special role, as the equations are built by balancing the change of the system in time
against its ‘spatial’ behaviour. Such equations are called evolution equations. Such equations usually are
formulated pointwise; that is, all the operations, such as differentiation and integration, are understood in
the classical (calculus) sense and the equation itself is supposed to be satisfied for all values of the independent
variables in the relevant domain:

—u(z,t) = [Au(-, t)|(z), z€
u(0,t) = u, (2.1.1)

where A is a certain expression, differential, integral, or functional, that can be evaluated at any point z € 2
for all functions from a certain subset S.

However, when we are trying to solve (2.1.1), we change its meaning by imposing various a priori restrictions
on the solution to make (2.1.1) amenable to particular techniques. Quite often (2.1.1) does not provide a
complete description of the dynamics even if it looks complete from the modelling point of view. Then the
obtained solution maybe be not what we have been looking for. This becomes particularly important if we
cannot get our hands on the actual solution but use ’soft analysis’ to find relevant properties of it. These
lecture notes are predominantly devoted to one particular way of looking at the evolution of a system in
which we describe time changes as transitions from one state to another; that is, the evolution is described
by a family of operators {G(¢)}+>0, parameterised by time, that map an initial state of the system onto all
subsequent states in the evolution; that is solutions are represented as

u(t) = G(t)uop. (2.1.2)

The family {G(t)}1>0 is called semigroup and ug is an initial state.

In this approach we place everything in some abstract space X, which is chosen partially for the relevance
to the problem and partially for mathematical convenience. For example, if (2.1.1) describes the evolution of
an ensemble of particles, then u is the particle density function and the natural space seems to be L;({2) as
in this case the norm of a nonnegative u, that is, the integral over (2, gives the total number of particles in
the ensemble. It is important to note that this choice is not unique but rather is a mathematical intervention
into the model, which could change it in a quite dramatic way. For instance, staying with this case, we could
choose the space of measures on {2 with the same interpretation of the norm. On the other hand, if we
are interested in controlling the maximum concentration of particles, a more proper choice would be some
reasonable space with a supremum norm, such as, for example, the space of bounded continuous functions
on 2, Cp(92).



20 2 Motivation

Once we select our space, the right-hand side can be interpreted as an operator A : D(A) — X, defined on
some subset D(A) of X (not necessarily equal to X), such that * — [Au](xz) € X. With this, (2.1.1) can be
written as an ordinary differential equation in X:

Oru = Au, t >0,
u(0) = up € X. (2.1.3)

The domain D(A) is also not uniquely defined by the model. Clearly, a minimum requirement for D(A),
apart from [Au](-) € X for u € D(A), is that the solution originating from D(A) could be differentiated in
X so that both sides of the equation would make sense. It is important to remember that the expression
A usually has multiple realizations and finding an appropriate one, such that with (A4, D(A)) the problem
(2.1.3) is well posed (such a realisation is often called the generator of the process) is a very difficult task.
Although throughout the lectures we assume that the underlying space is given, finding D(A), on which we
define the realisation A of the expression A, is a more complicated thing and has major implications as to
whether we are getting from the model what we bargained for.

As an example we mention the so-called maximal realization of the expression A, An.x defined as the
restriction of A to
D(Apax) ={u € X; x — [Au](z) € X}.

The generator may be, or may be not, equal to A ax.

What can go wrong?

As we shall see, semigroup theory in some sense forces D(A) upon us, although it is not necessarily the op-
timal choice from the modelling point of view. To explain this, we note that following pathologies often occur.

Dishonesty. Models are based on certain laws coming from the applied sciences and we expect the solutions
to equations of these models to return these laws. However, this is not always true: we will see models built
on the basis of population conservation principles, solutions of which, for certain classes of parameters, do
not preserve populations. Such models are called dishonest. Dishonesty could be a sign of a phase transition
happening in the model, or simply indicate limits of validity of the model.

Multiple solutions. Even if all side conditions relevant to the modelled process seem to have been built
into the model, we may find that the model does not provide full description of the dynamics; while for
some classes of parameters the model gives uniquely determined solutions, for others there exist multiple
solutions. This happens if A # A ax.

Though we also discuss a general theory, our main focus is on models preserving some notion of positivity: non-
negative inputs should give non-negative outputs (in a suitable sense of the word). We will see that methods
based on positivity methods provide a comprehensive explanation of these two 'pathological’ phenomena.

2 Models

In most models discussed in these lecture notes we will look at the evolution of populations of some objects
(not necessarily live - could be particles or polymers). One way of describing such an evolution is by providing
the rule how the density of the objects with respect to certain selected attributes changes in time. The density,
say u(z), is either the number of elements with an attribute x (if the number of possible attributes is finite
or countable), or gives the quantity of elements with attributes in a set A, according to the formula

/u(a:)du, (2.2.4)

A
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if « is a continuous variable. Here p is a measure selected accordingly to the properties of the model which
we analyze.

In many cases we are interested in tracking the total number of elements of the population which, for a given
time t, is given by

> ufa,t), (2.2.5)

e

if 2 is countable, and by

/u(x, t)dpg, (2.2.6)

(o]

if £2 is a continuum. Thus, the natural spaces to study such objects are spaces [ in the former case (where
(2 is identified with N) or L;(£2) in the latter. However, there are models in which a more suitable are the
spaces L, (£2) or Cy,(£2). Appropriate space will be defined when needed.

2.1 Evolution of countable ensembles of objects

We consider a countable system of objects labelled by the some attribute n € N. The state of the system
is described by a vector u = (ug, u1,...,Up,...), where u,, is the number of objects with attribute n. Note,
that in probabilistic interpretation, u, is the probability of finding an object with attribute n so that the
coordinates of u add up to 1. Any object in the system can change its attribute by some mechanism and, in
the simplest case discussed here, the only possible events are changing the attribute n either to n + 1, or to
n — 1. We assume that the rates of change are given and are denoted by d,, and b,, for changes n —- n — 1
and n — n + 1, respectively. In general, we can also include a mechanism that changes a number of objects
with attribute n by, for example, removing them from the environment or, otherwise, introducing them. The
rate of this mechanism is denoted by ¢ = (¢, )nen-

Standard modelling procedure by balancing gain and loss of objects at each level yields

i
Uy = —agug + diu1,

~

U, = —apun + dn+1un+1 + bnflunfh
(2.2.7)

where ¢,, = b,, +d,, — a,,.

The classical application of this system comes from population theory, where it is a particular case of a
Kolmogorov system; in this case u,, is the probability that the described population consists of n individuals
and its state can change by either the death or birth of an individual thus moving the population to the
state n — 1 or n + 1, respectively, hence the name birth-and-death system. The classical birth-and-death
system is formally conservative; this is equivalent to a,, = d, + b,. However, recently a number of other
important applications have emerged. For instance, we can consider an ensemble of cancer cells structured
by the number of copies of a drug-resistant gene they contain. Here, the number of cells with n copies of the
gene can change due to mutations, but the cells also undergo division without changing the number of genes
in their offspring which is modelled by a nonzero vector c.

The most common setting for birth-and-death problems is the space .

2.2 Transport and its variants

Possibly the simplest partial differential equation is the transport equation

Opu(x,t) + coyu(x,t) =0, z €R, (2.2.8)
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which is a conservation law and can describe for instance a flow of a substance with density u to the right if
¢ > 0 or to the left if ¢ < 0. The equation must be supplemented with the initial condition

u(z,0) = uo(x), (2.2.9)

where ug(z) is a given initial density. If we do not consider the flow on the whole R we should specify a
boundary condition at the starting point of the flow; if ¢ > 0, then we can require e.g.

u(0,t) = ¢(t) (2.2.10)

for some given function ¢.

This equation has, however, many more applications.

McKendrick equation

Consider an age-structured population of individuals, where n(a,t) is the density of the population of age a
and time t. Contrary to the previous example, with just two age classes, here the age a of an individual is
a continuous variable. In the simplest case it is described by the McKendrick model, [49], the density n is a
solution of the following initial boundary value problem

On(a,t) = —=0.n(a,t) — pla)n(a,t),
n(oat) - ﬂ(a)n(avt)daa
/

n(a,0) = n (a), (2.2.11)
where a € [0,w| and 0 < w < oo is the maximum age in the population. The first equation, where p is the
age specific death rate, is a conservation law. It shows that the rate of change of the number of individuals
at any age is due to aging, —9d,n(a,t), with the rate of aging equal to 1 and to the deaths of individuals.
At the same time, newborns appear necessarily at the age a = 0 and thus they are modelled by the second
equation in (2.2.11) which is the boundary condition. Here, §(a) is the age specific per capita birth rate so
that the right hand side of the second equation is the sum over all ages of the number of newborns produced
in a unit time by the individuals; that is, it gives the total birth rate at time ¢ of the population.

2.3 Age-structured epidemiological model

Consider an SIRS system

S = —A(I)S + 61,
I'=AI)S — (5 + )1,
R =1, (2.2.12)

where S, I, R are, respectively, the number of susceptibles, infectives and recovered (with immunity) and
v,9 are recovery rates with and without immunity. For many diseases the rates of infection and recovery
significantly vary with age. Thus the vital dynamics of the population and the infection mechanism can
interact to produce a nontrivial dynamics. To model it, we assume that the total population in the absence
of disease can be modelled by the linear McKendrick model describing the evolution in time of the density
of the population with respect to age a € [0,w[, w < oo, denoted by n(a,t). The evolution is driven by the
processes of death and birth with vital rates p(a) and S(a), respectively. Due to the epidemics, we split the
population into susceptibles, infectives and recovered,

n(a,t) = s(a,t) +i(a,t) + r(a,t),
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so that the scalar McKendrick equation for n splits, according to (2.2.12), into the system

Os(a,t) + 0gs(a,t) + pla)s(a, t) = —A(a,i(-,t))s(a, t) + 6(a)i(a,t),
di(a,t) + Oai(a, t) + pla)i(a, t) = Ala,i(- t))s(a, t) — (6(a) + v(a))i(a, 1),
Or(a,t) + dur(a,t) + pla)r(a,t) = v(a)i(a,t), (2.2.13)

where now the rates are age specific, see [40]. The function A is the infection rate (or the force of infection).
In the so-called intercohort model, which will be analysed later in these lectures, we use

Ala,i(-,t)) = /K(a,a’)i(a’,t)da', (2.2.14)
0

where K is a nonnegative bounded function which accounts for the age dependence of the infections. For
instance, for a typical childhood disease, K should be large for small a,a’ and close to zero for large a or a’
(not necessarily 0, as usually adults can contract them). System (2.2.13) is supplemented by the boundary
conditions

5(0,1) = / B(a)(s(a,t) + (1 — pi(a,£) + (1 — q)r(a,t))da,
0

(0,t) =p [ B(a)i(a,t)da, r(0,t) =q | Bla)r(a,t)da, (2.2.15)
/ /

where p,q € [0,1] are the vertical transmission parameters of infectiveness and immunity, respectively.
Finally, we prescribe the initial conditions

s(a,0) =5 (a), i(a,0) =i (a), r(a,0)=r (a). (2.2.16)

2.4 Diffusion
Equations of random walks

Let us assume that particles jump on the real line with equal probabilities p to the right and to the left, by
the distance 0 every time interval §. We define v(z,t)Ax as the probability of finding a particle in a small
interval of length Az around z and at time ¢ if it starts at © = 0 and ¢ = 0. The function v satisfies the
forward Kolmogorov equation

v(z,t+0) = p(x — 8)v(z — §,t) + p(x + §)v(r + 6, 1t). (2.2.17)

Assuming v and o to be twice differentiable, we expand (2.2.17) into the Taylor series

1 1 1 1
v+ 00w = 3 (v — 60,0 + 2623;51)) + 3 (U + 00,0+ 2(528%1,1)) +0(6%) + 0(6%),

and, passing to the limits with 4,0 — 0 in such a way that
52

D(z) ;= lim — (2.2.18)

—0 0
6—0

remains finite, we arrive at the diffusion (Fokker-Planck) equation satisfied by the probability distribution
function v:

1
v = §agfg,:(Dv). (2.2.19)
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The equation (2.2.19) is to be supplemented by an initial condition
v(x,0) =0 . (2.2.20)

The requirement that the diffusion constant D is finite implies that the particle speed

v := lim 0 (2.2.21)

—0 0
6—0

is infinite. This result clearly indicates that the diffusion equation does not supply an adequate description
of the random walk but, nevertheless, it is commonly used in application due to good agreement (under
certain restrictions) with experiments.

Diffusion equation is often used to describe dispersal of individuals from regions of higher density to regions
of lower density (Fick’s law) or temperature of a body. Typically it is considered in Ly (£2) or Cy({2) spaces
but there are important cases where the space Lo({2) becomes relevant.

2.5 Transport on networks

Let us consider a network with some substance flowing along the edges and being redistributed in the
nodes. The process of the redistribution of the flow is the loss-gain process governed by the Kirchoff’s law
(flow-in = flow-out). The network under consideration is represented by a simple directed graph

G=(V(G),EQG)={v,...,on},{€1,---,em})

with n vertices vy, ..., v, and m edges (arcs), ey, ..., e,,. We suppose that G is connected but not necessarily
strongly connected, see e.g. [26, 33]. Each edge is normalized so as to be identified with [0, 1], with the head
at 0 and the tail at 1. The outgoing incidence matrix, ~ = (¢;;)1<i<n,1<j<m, and the incoming incidence

matrix, 1T = (¢;§-)1gi§n,1§jgm, of this graph are defined, respectively as

¢i_j:{1ifvi4 ¢;§:{1if—f>vi

0 otherwise. 0 otherwise.

If the vertex v; has more than one outgoing edge, we place a non negative weight w;; on the outgoing edge
e;j such that for this vertex v;,
> wig =1,

JjEE;
where F; is defined by saying that j € E; if the edge e; is outgoing from v;. Naturally, w;; = 1 if E; = {j}
and, to shorten notation, we adopt the convention that w;; = 1 for any j if E; = (. Then the weighted

outgoing incidence matrix, @, is obtained from &~ by replacing each nonzero ¢;; entry by w;;. If each

vertex has an outgoing edge, then &, is row stochastic, hence &~ (sﬁw)T = I, (where the superscript T
denotes the transpose). The (weighted) adjacency matrix A = (a;j)1<s j<n Of the graph is defined by taking

ai; = wjy if there is e; such that v; K v and 0 otherwise; that is, A = &1 (@;)T. An important role is
played by the line graph @ of G. To recall, Q = (V(Q), E(Q)) = (E(G), E(Q)), where

E(Q) = {uv; u,v € E(G), the head of u coincides with the tail of v}
={eih<j<k
By B we denote the weighted adjacency matrix for the line graph; that is,
B:= (¢,) o, (2.2.22)

If there is an outgoing edge at each vertex then, from the definition of B, we see that it is column stochastic.
A vertex v will be called a source if it has no incoming edge and a sink if there are no outgoing edge.
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__40—-;:-

e 2 ey/\l‘”

Example 2.1 Consider the following graph. For this graph, the matrices @, P+ are given below.

1100000 0000000
0011000 1000000
&~ =|0000100|, &#*=|0101010 |,
0000010 0000001
0000001 0010100
while the adjacency matriz is given by

00000

10000

11010

00001

01100

We are interested in a flow on a closed network G. Then the standard assumption is that the flow satisfies
the Kirchoff law at the vertices

Z QZS;jCjUj(].,t) = W;j Z d);erjUj(07t), t> O,Z S ]., Lo, N,
j=1

Jj=1

which, in this context, is the conservation of mass law: the total inflow of mass per unit time equals the total
outflow at each node (vertex) of the network.

Let u;(x,t) be the density of particles at position z and at time ¢ > 0 flowing along edge e; for = € [0, 1].
The particles on e; are assumed to move with velocity c¢; > 0 which is constant for each j. We consider
a generalization of Kirchoff’s law by allowing for a decrease/amplification of the flow at the entrances and
exits of each vertex. Then the flow is described by

Oy (x,t) = ¢;0pu;(x,t), x€(0,1), t>0,
(@, 0) = fi@), (2.2.23)
Gi;&iciui(1,t) = wy kZ_II o (yrerur (0,1)),

where v; > 0 and &; > 0 are the absorption/amplification coefficients at, respectively, the head and the tail
of the edge e;. If v; =§; =1 for all j =1,--- ,m, then we recover the Kirchoff law at the vertices.

Remark 2.1. We observe that the boundary condition in (2.2.23) takes a special form if v; is either a sink or
a source. If it is a sink, then F; = () and, by the convention above,

0= éf(merur(0,1), >0, (2.2.24)
k=1
and
¢i;&iciui(L,t) =0, t>0,j=1,....m, (2.2.25)

if it is a source. The last condition is nontrivial only if j € E; as then ¢;; # 0.
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We consider (2.2.23) as an abstract Cauchy problem
u;, = Au, u(0) =f, (2.2.26)
in X = (L;([0,1]))™, where A is the realization of the expression A = (¢;0;)1<j<m on the domain
D(A) = {u € (W}([0,1]))™; u satisfies the b. c. in (2.2.23)}. (2.2.27)
We denote C = diag(c;j)1<j<m, K = diag({;)i1<j<m and G = diag(y;)1<j<m- It can be proved, [23], that
D(A) = {u e (W([0,1]))™; u(1l) = K- 'C'BGCu(0)} (2.2.28)

where B is the adjacency matrix of the line graph of G.

Such conditions not only do arise from network flows. For instance, consider the Rotenberg-Rubinov-Lebovitz

model. Let = be the independent variable that describes the degree of maturity of a cell (0 < z < 1). Cells

are born at x = 0 and divide at * = 1. The maturation rate, or velocity, v;,s = 1,...,n, is a discrete,

nonnegative parameter. Since a large number of individuals is being considered, the dependent variable is

taken to be the number density u;(x,t) = u(x,v;,t). Then u;(z,t) := u(x,v;,t) is governed by the equation
Owuj(x,t) + v;0uj(z, t) = —pju;(x, t),

VU (0, t) = Z kjiyiui(]-,t)v

for € (0,1), t > 0, where where u; is the death rate. The meaning of the boundary condition is that
the cell divides ending its individual life producing offspring of various maturation velocities according to a
non-negative matrix K = {k;; h1<i j<n.

Hence, we see that there is a class of problems which can be written in the form

u(0) = Ku(1), (2.2.29)

where A is a first order differential operator and K is an arbitrary (not necessarily nonnegative) matrix.
Apart from the usual questions about well posedenss of the problem (including positivity of solutions), some
new problems arise. For instance, can we always find a diagraph G such that (4.4.18) is a flow problem
on a graph? By (3.1.1), we see that this problem is equivalent to the question: Under what conditions a
nonnegative matrix /C is a weighted incidence matrix of the line graph L(G).

2.6 Fragmentation and coagulation processes

The name may seem very specific, but such processes occur in a wide range of applications, see [44].

e Chemical engineering: polymerization/depolimerization processes, with possible mass loss through dis-
solution, chemical reactions, oxidation etc, or mass growth due to the deposition of material on the
clusters;

e Biology: Blood cells’ coagulation and splitting, animal grouping, phytoplankton at the level of aggregates;
e Planetology: merging of planetesimals;

e Aerosol research: coagulation of smoke, smog and dust particles, droplets in clouds.

Also, they possibly are the most rewarding kinetic processes to study from the analytical point of view.

Fragmentation and coagulation may be discrete, when we assume that there is a minimal size of interacting
particles and all clusters are finite ensembles of such fundamental building blocks, and continuous with
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the matter assumed to be a continuum. Here we only consider the continuous model. In the case of pure
fragmentation a standard modelling process leads to the following equation:

oo

(e 1) = ~a(e)ulet) + [ aly)blaly)u(y. )y (2.2.30)

x

u is the density of particles of mass z, a is the fragmentation rate and b describes the distribution of particle
masses x spawned by the fragmentation of a particle of mass y; that is, the expected number of particles of
mass x resulting from fragmentation of a particle of mass y. Further

o0
M(t) = /xu(x,t)dac (2.2.31)
0
is the total mass at time ¢. Local conservation principle requires

/xb(x|y)da: =y, (2.2.32)
0

while the expected number of particles produced by a particle of mass y is given by ng(y) = foy b(z|y)dz.

Fragmentation can be supplemented by growth/decay, transport or diffusion processes, [16, 21, 18], but we
will not discuss them here.

If we combine the fragmentation process with coagulation, we will get

(oo}

Oru(e.t) = ~a(w)ula,t) + [ aly)blely)uly: Dy (2.2.33)

x
x

~ulant) [ ko g)uty. iy + 5 [ Ko =yt — v tuls. Oy
0

0

The coagulation kernel k(x,y) represents the likelihood of a particle of size  attaching itself to a particle of
size y and, for a moment, we assume that it is a symmetric nonnegative positive function.

Since the fragmentation and coagulation processes just rearrange the mass among the clusters, (2.2.31)
implies that the natural space to analyse them is

X1 =Li(Ry,zdx) =  u; Jully = / |u(z)|zdr < +o0o
0

However, for the coagulation processes it is important to control also the number of particles, or even some
higher moments of the density. The best results are obtained in the scale of spaces X ,,, m > 1, where

Xim=L1(Ry, (1 +2™)dz) = < u; [Jullom = / |u|(1+ 2™)dx < +o00
0
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1 First semigroups

As mentioned before, we are concerned with methods of finding solutions of the Cauchy problem:

Definition 3.1. Given a complex or real Banach space and a linear operator A with domain D(A) and range
RanA contained in X, and also given an element ue X, find a function u(t) = u(t,a) such that

1. u(t) is continuous on [0,00[ and continuously differentiable on |0, 0] in the norm of X,

2. for each t > 0, u(t) € D(A) and

Oru(t) = Au(t), t>0, (3.1.1)
3.
tl_l}r& u(t) = ug (3.1.2)

in the norm of X.

A function satisfying all conditions above is called the classical solution of (5.1.1), (3.1.2). If u(t) € D(A)
(and thus u € C*([0,00[, X)), then such a function is called a strict solution to (5.1.1), (5.1.2).

To shorten notation, we denote by C*(I, X) a space of functions which, for each ¢t € I C R satisfy u(t) € X
and are continuously differentiable £ times in ¢ with respect to the norm of X. Thus, e.g. a classical solution
u satisfies u € C([0, 0o[, X) N C1(]0, 0o, X).

1.1 Definitions and basic properties

If the solution to (3.1.1), (3.1.2) is unique, then we can introduce a family of operators {G(t)}:>o such
that u(t,up) = G(t)up. Ideally, G(t) should be defined on the whole space for each t > 0, and the function
t — G(t)ug should be continuous for each uy € X, leading to well-posedness of (3.1.1), (3.1.2). Moreover,
uniqueness and linearity of A imply that G(t) are linear operators. A fine-tuning of these requirements leads
to the following definition.

Definition 3.2. A family {G(t) }1>0 of bounded linear operators on X is called a Cy-semigroup, or a strongly
continuous semigroup, if

(i) G(0) = I;
(ii) G(t+ s) = G(t)G(s) for allt,s > 0;
(#i) lim; o+ G(t)x = x for any xz € X.
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A linear operator A is called the (infinitesimal) generator of {G(t) }1>o0 if

Az = lim M

3.1.3
h—0t h ’ ( )

with D(A) defined as the set of all x € X for which this limit exists. Typically the semigroup generated by A
is denoted by {G 4(t) }i>0.

If {G(t)}+>0 is a Cop-semigroup, then the local boundedness and (ii) lead to the existence of constants M > 0
and w such that for all ¢ > 0
[G(t)||x < Me** (3.1.4)

(see, e.g., [54, p. 4]). We say that A € G(M,w) if it generates {G(t)}+>0 satisfying (3.1.4). The type of
{G(t)}+>0 is defined as
wo(G) = inf{w; there is M such that (3.1.4) holds}. (3.1.5)

Let {G4(t)}i>0 be the semigroup generated by A. The following properties of {G4(t)}i>0 are frequently
used, [54, Theorem 2.4].

(a) Forz € X
) t+h
]&ii% 7 / Ga(s)xrds = Ga(t)x. (3.1.6)
(b) For z € X, fot Ga(s)xds € D(A) and
A | Ga(s)xds = Ga(t)x — x. (3.1.7)
/
(¢) For z € D(A), Ga(t)x € D(A) and
%GA(t)x = AG4(t)x = Ga(t)Ax. (3.1.8)
(d) For x € D(A),
Ga(t)xr — Ga(s)x = /GA(T)AxdT = /AGA(T)JCdT. (3.1.9)

From (3.1.8) and condition (iii) of Definition 3.2 we see that if A is the generator of {G4(t)}+>0, then for
ue D(A) the function t — G () 1 is a classical solution of the following Cauchy problem,

duu(t) = A(u(t)), t>0, (3.1.10)
Jim u(t) = . (3.1.11)

We note that ideally the generator A should coincide with A but in reality very often it is not so. However,
for most of this chapter we are concerned with solvability of (3.1.10), (3.1.11); that is, with the case when
A of (3.1.1) is the generator of a semigroup.

We noted above that for e D(A) the function u(t) = G4(t) @ is a classical solution to (3.1.10), (3.1.11).

For ue X \ D(A), however, the function u(t) = G4(t) u is continuous but, in general, not differentiable,
nor D(A)-valued, and, therefore, not a classical solution. Nevertheless, from (3.1.7), it follows that v(t) =

fot u(s)ds € D(A) and therefore it is a strict solution of the integrated version of (3.1.10), (3.1.11):
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v(0) =0, (3.1.12)

or equivalently,
u(t) = A/u(s)ds+ . (3.1.13)

We say that a function u satisfying (3.1.12) (or, equivalently, (3.1.13)) is a mild solution or integral solution
of (3.1.10), (3.1.11). It can be proved that t — G(t)u, ue D(A), is the only solution of (3.1.10), (3.1.11)

taking values in D(A). Similarly, for u€ X, the function ¢t — G(£)u is the only mild solution to (3.1.10),
(3.1.11).

Thus, if we have a semigroup, we can identify the Cauchy problem of which it is a solution. Usually, however,
we are interested in the reverse question; that is, in finding the semigroup for a given equation. The answer is
given by the Hille-Yoshida theorem (or, more properly, the Feller-Miyadera—Hille-Phillips—Yosida theorem).
Before, however, we need to recall some terminology related to the spectrum of an operator.

1.2 Interlude - the spectrum of an operator

Let us recall that the resolvent set of A is defined by
p(A) ={reC; (M- A)" € LX)}
and, for A € p(A), we define the resolvent of A by
R\ A) = (M — AL

The complement of p(A) in C is called the spectrum of A and denoted by o(A). In general, it is possible that
either p(A) or o(A) is empty. The spectrum is usually subdivided into several subsets.

e Point spectrum op,(A) is the set of A € g(A) for which the operator AI — A is not one-to-one. In other
words, o,(A) is the set of all eigenvalues of A.

e Residual spectrum o,.(A) is the set of A € o(A) for which AI — A is one-to-one and I'm (A — A) is not
dense in X.

o Continuous spectrum o.(A) is the set of A € o(A) for which the operator A\I — A is one-to-one and its

range is dense in, but not equal to, X

The resolvent of any operator A satisfies the resolvent identity
ROLA) = R(p A) = (= VRO AR A),  Api€ plA). (3.1.14)
For any bounded operator the spectrum is a compact subset of C so that p(A) # (). If A is bounded, then

the limit
r(A) = lim /A" (3.1.15)
n—oo

exists and is called the spectral radius. Clearly, r(A) < ||A||. Equivalently,
r(A) = sup |A|. (3.1.16)
A€o (A)

To show that A € C belongs to the spectrum we often use the following result.

Theorem 3.3. Let A be a closed operator. If X € p(A), then dist(\,0(A)) = 1/r(R(A, A)) > 1/||R(A, A)]l.
In particular, if A, = X\, A, € p(A), then A € o(A) if and only if {||R(An, A)| }nen is unbounded.

For an unbounded operator A the role of the spectral radius often is played by the spectral bound s(A)
defined as
s(A) = sup{RA; A € o(A)}. (3.1.17)
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1.3 Hille-Yosida theorem

Theorem 3.4. A € G(M,w) if and only if

(a) A is closed and densely defined,
(b) there exist M > 0,w € R such that (w,00) C p(A) and for alln > 1, > w,

M
M-A™"<———. 1.1
07 =477 < 52 (31.18)
If A is the generator of {G4(t)}>0, then
R\, A)x = /e—“GA(t)xdt, RN > w, (3.1.19)

0
is valid for all z € X.
Yosida’s idea of proof was to use the following observations. If (A, D(A)) is a closed and densely defined
operator satisfying p(A) D (0,00) and ||AR(A, A)|| <1 for all A > 0, then

(i) for any z € X,
lim AR\, A)z = x. (3.1.20)

A—00

Indeed, first consider © € D(A). Then
1
IAR(A, A)z — 2| = [AR(A, A)z]| = [|R(A, A)Az|| < L[| Az] — 0

as A — 00. Since D(A) is dense and ||AR(), A)|| < 1 then by 3e argument we extend the convergence to
X.

(ii) AR(), A) are bounded operators and for any « € D(A),

lim AMAR(MN, A)x = Ax. (3.1.21)

A—00

Boundedness follows from AR(A, A) = AR(\, A) — I. Eq. (3.1.21) follows (3.1.20).

Then Yosida used the bounded operators
Ay = MAR(MN A), (3.1.22)

as an approximation of A for which one can define semigroups uniformly continuous semigroups {Gx(t)}+>0
via the exponential series and then he proved the convergence of {G(t)}+>0 to the semigroup generated by
A. A widely used approximation formula, which can also be used in the generation proof, is the operator
version of the well-known scalar formula. Precisely, [54, Theorem 1.8.3], if A is the generator of a Cy-semigroup
{G 4(t)}1>0, then for any = € X,

Ga(t)z = lim (1— iA) = tim (4R (@,A))ngg (3.1.23)

n—00 n—oo\ {

and the limit is uniform in ¢ on bounded intervals.
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1.4 Dissipative operators and contractive semigroups

Let X be a Banach space (real or complex) and X* be its dual. From the Hahn—Banach theorem, for every
u € X there exists u* € X* satisfying <u*,u>= ||u||* = ||u*||?. Therefore the duality set

T(w) = {u* € X*; <uyus= [Jul®® = lu" |} (3.1.24)
is nonempty for every u € X.

Definition 3.5. We say that an operator (A, D(A)) is dissipative if for every u € D(A) there is u* € J(u)
such that
R <u™, Az> < 0. (3.1.25)

If X is a real space, then the real part in the above definition can be dropped. An important equivalent
characterisation of dissipative operators, [54, Theorem 1.4.2], is that A is dissipative if and only if for all
A>0and u € D(A),

I = Ayul] = Allull. (3.1.26)
Combination of the Hille-Yosida theorem with the above property gives a generation theorem for dissipative

operators, known as the Lumer—Phillips theorem ([54, Theorem 1.4.3] or [34, Theorem I1.3.15]).

Theorem 3.6. For a densely defined dissipative operator (A, D(A)) on a Banach space X, the following
statements are equivalent.

(a) The closure A generates a semigroup of contractions.

(b) Im(AI — A) = X for some (and hence all) A > 0.
If either condition is satisfied, then A satisfies (3.1.25) for any u* € J(u).

We observe that a densely defined dissipative operator is closable, [54, Theorem 1.4.5], so that the statement
in item (a) makes sense. In other words, to prove that (the closure of) a dissipative operators generates a
semigroup, we only need to show that the equation

A —Au=f (3.1.27)
is solvable for f from a dense subset of X for some A > 0. We do not need to prove that the solution to
(3.1.27) defines a resolvent satisfying (3.1.18).

In particular, if we know that A is closed, then the density of Im (Al — A) is sufficient for A to be a generator.
On the other hand, if we do not know a priori that A is closed, then Im(AI — A) = X yields A being closed
and consequently that it is a generator.

Ezample 3.7. Let us have a look at the classical problem which often is incorrectly solved. Consider
Au = —0zu, z€(0,1),

on D(A) = {u € W}(I); u(0) = 0}, where I =0, 1[. The state space is real X = L1(I). For a given u € X,
e Julsignu(z) it u(z) #
u||signu(x if u(z 0,
J(u) = .
=L iy 2o

Note that J is a multivalued function. Further, [29], any element of W7 (I) can be represented by an absolutely
continuous function on 1.

Now, for v € J(u) we have



34 3 Mathematical toolbox

1
<=0pu,v> = —|ul| /3zu(x)signu(:r)d:c
0

— / Bou(z)dz — / Bpu(z)dz

{z€l; u(x)>0} {z€l; u(z)<0}
Since u is continuous, both sets I, := {x € I; u(x) > 0} and I_ := {x € I} u(x) < 0} are open. Then, see
2, p. 42],
I = U]O‘vﬂz:v /87:1‘:[

n

where Ja:t, B[ are non overlapping open intervals. Then
_ +\ + _ ’LL(].) if 1 € I:t,
[ dsutarte = S - uteitny = {50 1 S
Iy n

as 1 only can be the right end of only one of the component intervals and we used «(0) = 0. Now, if 1 € I,
then w(1) > 0,if 1 € I_, then (1) < 0, and if 1 ¢ I UI_, then u(1) = 0. In any case,

<—0zu,v><0
and the operator (A4, D(A)) is dissipative. Clearly, the solution of
Au+ Ozu = f, u(0) =0,

is given by u(z) = e~ [ e f(s)ds and, for A > 0,
0

1 T

ful < [ | [elre)ds | o <171,

0 0

which gives solvability of (3.1.27) in X. We note that, of course, with a more careful integration we would
be able to obtain the Hille-Yosida estimate (3.1.18). This additional work is, however, not necessary for
dissipative operators.

1.5 Analytic semigroups

In the previous paragraph we noted that if a closed operator is dissipative, then we can prove that it generates
a semigroup, provided (3.1.27) is solvable. It turns out that the solvability of (3.1.27) can be used to prove
that A generates a semigroup without assuming that it is dissipative but then we must consider complex .
Note that the considerations below are valid for an arbitrary Banach space.

Hence, let the inverse (A\I — A)~! exists in the sector
Szi5:={\€C; Jarg A < g +68}U {0}, (3.1.28)

for some 0 < § < 7, and let there exist C' such that for every 0 # A € Szs the following estimate holds:

C
IR\, A)|| < o (3.1.29)
Then A is the generator of a uniformly bounded semigroup {Ga(t)};>0 (the constant M in (3.1.4) not
necessarily equals C') and {Ga(¢)}i>0 is given by
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1
— / eMR(N, A)d, (3.1.30)
211

r

Ga(t) =

where I' is an unbounded smooth curve in SgJﬂ;. The reason why {Ga(t)}i>0 is called analytic is that it

extends to an analytic function on Ss.

If A is the generator of an analytic semigroup {G4(t)}¢>0, then ¢ — G 4(t) has derivatives of arbitrary order
n ]0,00[. This shows that ¢ — GA(t)a solves the Cauchy problem (3.1.2) for arbitrary ue X. This is a

significant improvement upon the case of Cy-semigroup, for which ue D(A) was required.

One dimensional Robin boundary value problem for the diffusion equation in the space of
continuous functions

Oru(z,t) = Opgu(x,t), (x,t) €]0, 1[xRy,
O, u(0,t) + apu(0,t) = 0, t>0,
Oru(l,t) + aqu(l,t) =0, t>0,
u(z,0) =u (),  w€l0,1]. (3.1.31)

We consider (A, D(A)) defined by Au = 0,,u on
D(A) = {u € C?([0,1]); 0,u(0) + apu(0) = d,u(1) + aju(l) = 0}.

First we show that D(A) is dense in C(]0, 1]). One can proceed as follows. The space C§°(]0,1[) C D(A) but
C5°(]0,1])) = Xo := {u € C([0,1]); w(0) = u(1) = 0}. To ascertain this, we observe that any v € X, can be
uniformly approximated by (discontinuous) functions which are zero close to the endpoints and equal to u
elsewhere. Precisely, for any e there is § > 0 such that |u(x)| < € on [0,6[U]1 -6, 1]. Then we let us(x) = u(z)
on [6,1—6] and zero elsewhere and we approximate us by J, *us € C§°(]0,1[) with 0 < 1 < 6/2, by Theorem
1.3.

For a given u € C([0,1]), we can find polynomial ¢ (x) = az® + bx? + cx + d such that 1’'(0) + agy(0) =
0,v'(1) + a19(1) = 0,4(0) = u(0),%(1) = u(1). Indeed, then we must have

a(ay +3) +b(a1 +2) + c(ar + 1) + a1 =0,
c+ agd =0,
d = u(0),
a+b+c+d=u(l)
and this system is solvable. Then u — ¢ € {u € C([0,1]); u(0) = u(1) = 0} and if C§°(]0,1[) > ¢, = u — Y,
then D(A) 3 ¢, + ¢ — w.
Let us take 0 # A = u? = |\|e? with Ry > 0. The general solution of the resolvent equation

A — Opgu = f (3.1.32)
is given by
u(z) = Cre™ M + Coe!” + U, (z), (3.1.33)
where )
1
U(e) = 5~ / e M=ol f(s)ds. (3.1.34)
1

We have
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0:U(0) = U, (0),  9:Uu(1) = —uUu(1).

The constants C,Cs are determined from the system

(—p+ao)Ch + (u+ ao)Ca + (u+ ao)U,(0)
(—p+a)e #Cr+ (p+ a1)e"Co + (—p + a1)Uy(1)

)

0
0
The determinant of this system is given by

D(p) = (a0 — p)(ar + p)e* — (a1 — p)(ao + p)e™

which shows that the spectrum is at most countable. If D(p) # 0, then

o, (a0 + (a1 — w)U,(1) — (a0 + p)(ar + 1)U, (0)e”
1= )
D(p)
o — (n—ag)(ar — w)Uy(1) + (ao + p)(a1 — p)U,(0)e™#
’ D(n) '

The estimate of U, can be easily achieved by the Young inequality (after extending f by 0 onto R), or by
the direct calculation; we have
A IS

wRe |\ cos/2

ULl < | (3.1.35)

Next we obtain

sup |e!”| = R sup |e7H*| =1
z€[0,1] z€0,1]
e 171 £
UL (0)] < , |U.(1)] < -
" 2|p[Rp ! 2| Ry

We observe that the coefficients multiplying U, (0) and U,(1) are bounded for large |A| and hence, for A in
the sector |0] < |0y| < 7, we have

I M

< |Cy] 4 |Cole™H :
lull < G +1Ca1e™ + o 50072 = T cos 6o/2

for sufficiently large |A|. Consequently, A is also closed and thus (A, D(A)) generates an analytic semigroup.

Note that the Dirichlet problem in the space of continuous functions does not behave so well. The reason for
this is that the corresponding domain

D(A) = {u € C*([0,1]); u(0) = u(1) = 0}

cannot be dense in C([0, 1]). Thus we have to work with the part of A in Xy := {u € C([0,1]); u(0) = u(1) =
0} where, indeed, it generates an analytic semigroup.

The Dirichlet problem for the diffusion equation in n dimensions.

Let C = 2 x (0,00), X = 92 x (0,00) where {2 is an open set in R"™. We consider the problem

Ou = Au, in 2 x [0,T], (3.1.36)
=0, onlX, (3.1.37)
u = ug, on {2 (3.1.38)

The strategy is to consider (4.2.12—(4.2.14) as the abstract Cauchy problem

' = Au, u(0) = ug
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in X = Lo(f2) where A is the unbounded operator defined by
Au = Au

for
u € D(A) = {u eWL(R); Au € Ly(2)}

Then we have

Theorem 3.8. The operator (A, D(A)) generates an analytic semigroup in Lo(2).

37

Proof. First we observe that A is densely defined as C§°(12) CI/?/%(Q) and AC§°(£2) C La(£2). To prove that

the semigroup is analytic, we have to consider the resolvent. To this end, we have to solve

a(u,v) :/Vqud:c+/\/uvdm :/fvda:, v EI/?/%(Q)
o) 2 2

for A = o + i7. Observe that if we find the solution u € V([)/%(Q) of this problem, then this solution will

automatically belong to D(A). We have
R — A)u, ) = ||Vul[§ + ol|ull3

so, in particular,
allully < IVullg + ollull§ < M~ Aullollullo

for o > 0. This shows that A\l — A is invertible and, in particular,

[oR(X, A)| <1

(3.1.39)

(3.1.40)

which, by considering A = o shows that A generates a contractive semigroup. Similarly, using the triangle

inequality,
—IVall§ + Irllulg < IVullg + 7llullg] < (SO — Au, )|
It follows that either
S0~ Au,u)| > 2
or
R(Au — Au,u) > @Hu”%

Indeed, if the former does not hold; that is,

il

10w — Au, )| < 2 jul,

then (3.1.41) yields
9l > gz
and then (3.1.39) gives the latter. Hence
ITR(\ A <2,  o>0.

and, in particular, for p =it

2
R(p, A)|| < —.
[ R(p, Al m

Now, for arbitrary A = o + i7 we have

M = A= (A=) + (uI = A) = (I = A)(I + (A= ) — A)7)

(3.1.41)

(3.1.42)

(3.1.43)
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which formally is equivalent to
M- =T+ N=p)(p—A)7) (I - A7

that is, (AI — A) is invertible if and only if (I + (A — u)(u — A)~1)~! exists. Using the Neuman expansion
and (3.1.43), the latter holds if
2[(A — 2
G-l 2l _,
1z 7]

and then
2o +Ir)) 1

ol > |

7]

as long as |o]/|7| < 1/2. At the same time, (3.1.40) and (3.1.42) gives

IAR(A, A <

AR, A <3

for o > 0 so that the estimate

IARA A)| <C
for some constant C holds for A € {A € C; 5 —tan"' § <argA < Z +tan'1}. O

The estimate (3.1.29) is sometimes awkward to prove as it requires the knowledge of the resolvent in the
whole sector. The proof of the preceding theorem uses estimates along the imaginary axis to extend them
to A < 0. This approach works in a general situation, [34, Theorem II 4.6], and can be summarized in the
following theorem.

Theorem 3.9. An operator (A, D(A)) on a Banach space X generates a bounded analytic semigroup
(Ga(2))zes; in a sector X5 if and only if A generates a bounded strongly continuous semigroup {Ga(t)}i>o0
and there exists a constant C > 0 such that

¢

IR(r +is A)] <

(3.1.44)

forallr >0 and 0 # s € R.

This result can be generalized to arbitrary analytic semigroups: (A, D(A)) generates an analytic semigroup
(G4(2))zes;, if and only if A generates a strongly continuous semigroup {G a(t) }+>0 and there exist constants
C > 0,w > 0 such that

C

|s]

|R(r +is, A)|| < (3.1.45)

for all r > w and 0 # s € R.

2 Uniqueness and Nonuniqueness

Let us return to the general Cauchy problem (3.1.1), (3.1.2). If, for a given ug, it has two solutions, then
their difference is again a solution of (3.1.1) but corresponding to the null initial condition — it is called a
nul-solution; see [39, Section 23.7]. We say that a solution is of normal type w if

limsup ¢~ log||u(t)|| = w < 4o0. (3.2.46)
t—o0

A solution u(t) is said to be of normal type if it is of normal type w for some w < +o0. A standard argument
shows that if the solution is exponentially bounded if and only if it is of normal type.
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Theorem 3.10. [39, Theorem 23.7.1] If A is a closed operator whose point spectrum is not dense in any
right half-plane, then for each uy € X the Cauchy problem of Definition 3.1 has at most one solution of
normal type.

Proof. If there are two solutions of possibly different, normal type, then their difference, say u, is a nul-
solution of some normal type, say w. Let

LoV = / e=My()dt,
0

where the integral exists as the Bochner integral for ®A > w where it defines a holomorphic function. For
such A and 0 < o < 8 < 400 we have

] 8 8
/e*“u’(t)dt = /e*”Au(t)dt = A/e*”u(t)dt,

«
where we used the closedness of A. Integrating the first term by parts we have

B B
/ef)‘tu’(t)dt = e Pu(B) — e Pu(a) + A/ef)‘tu(t)dt

[e3%

and the right-hand side converges to AL(\, u) as & — 07 and 8 — oo because u(0) = 0. Thus .Aff e Mu(t)dt
also converges and because the integral converges to £(A)u, from closedness of .4 we obtain

ALN)u = AL(A)u.

Now, L£(A)u is not identically zero as the Laplace transform of a supposedly nonzero function and, being
analytic, can be equal to zero on at most discrete set of points. Thus, £(A)u is an eigenvector of A for all
A with RA > w except possibly for a discrete set of A. Thus the point spectrum is dense, contrary to the
assumption. O

Theorem 3.11. [39, Theorem 23.7.2] Let A be a closed operator. The Cauchy problem (3.1.1), (3.1.2) has
a nul-solution of normal type < w if and only if the eigenvalue problem

Ay(A) = Ay(A) (3.2.47)

has a solution y(\) # 0 that is a bounded and holomorphic function of X\ in each half-plane RA > w + ¢,
€ > 0.

Proof. The necessity follows from the previous theorem. To prove sufficiency, assume that yo(\) is bounded
and holomorphic for ®A > w + ¢ for some € > 0. Because the solution to (3.2.47) can be multiplied by an
arbitrary numerical function and still be a solution, we consider y(\) = (A + 1 — w) 3yo(\) and take the
inverse Laplace transform,

y+ioco
1
u(t) = 57 / My(Ndr, v > w. (3.2.48)
y—100

Thanks to the regularising factor, the integrand is bounded by an integrable function locally uniformly with
respect to t € (—oo,+00). Thus it is absolutely convergent to a function continuous in ¢ on the whole real
line, which satisfies the estimate

lu@®l <2 s lyoly+ ir)lle”*(y —w+ 1)
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The estimate is independent of v due to properties of complex integration and therefore, for ¢ < 0, we obtain
that y(¢) = 0 by moving v to co. From the above we also obtain that the type of u(t) does not exceed w.
Using closedness of A we obtain

1 Y+ioo 1 y+ico
Au(t):% / e”Ay()\)d)\:% / eMAy(N)dA.
y—100 y—100

Due to the fact that the regularising factor behaves as ()73, the last integral is still absolutely convergent
and equals u/(¢). Thus it follows that u(t) is a nul-solution of type < w. Clearly, u(t) cannot be identically
zero as it has a nonzero Laplace transform y(\). O

Similar considerations can be carried also for mild (or integral) solutions.

Now we investigate a relation between Cauchy problems (3.1.1), (3.1.2) and (3.1.10), (3.1.11). Let (A, D(A))
be the generator of a Cy-semigroup {G(t)}+>0 on a Banach space X. To simplify notation we assume that
{G(t)}+>0 is a semigroup of contractions, hence {\; ReX > 0} C p(A).

Let us further assume that there exists an extension A of A defined on the domain D(A). We have the
following basic result.

Lemma 3.12. Under the above assumptions, for any A with ReX > 0,
D(A) = D(A) ® Ker(Al — A). (3.2.49)

If we equip D(A) with the graph norm, then D(A) is a closed subspace of D(A) and the projection of D(A)
onto D(A) along Ker(A — A) is given by

x =Pz’ = RO\ A)Y(A\ — A)x', 2 € D(A). (3.2.50)

Proof. Let us fix A with Re A > 0. Because A C A, then
M —-ACAN - A, (3.2.51)

and therefore Im(A\ — A) = X for Re\ > 0. Because A is the generator of a contraction semigroup, for any
z' € D(A) there exists a unique x € D(A) such that

(M — A)z = (M — A)x'.

Denote P = R(A, A)(Al — A). By (3.2.51) it is a linear surjection onto D(A), bounded as an operator from
D(A) into D(A) equipped with the graph norm. Moreover, again by (3.2.51),

P? = R(\, A)(A\I — A)R(\, A)(AI — A) = R(A\, A)(AI — A)R(\, A) (M — A)
= R\, A)(A\I — A) = P,

thus it is a projection. Clearly, for ey € Ker(Al —.A) we have Pey = 0, hence this is a projection parallel to
Ker(A — A). By [42, p. 155], D(A) is a closed subspace of D(A) and the decomposition (3.2.49) holds. O

The next corollary links Theorem 3.11 with Lemma 3.12.

Corollary 3.13. If D(A)\D(A) # 0, then o,(A) D {A € C; ReX > 0}. Moreover, there exists a holomorphic
(in the norm of X) function {A € C; ReX > 0} > A — ey such that for any A with ReX > 0, ey €
Ker(A — A), which is also bounded in any closed half-plane, {\ € C; Re\ > v > 0}.
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Proof. Let u € D(A)\ D(A) and Au = f. For any A with Re A > 0, denote gy = Au—Au and v = R(\, A)ga,
then by (3.2.51) €\ =u—v € Ker(Al — A).

A quick calculation gives

eN=u—v=u—RNA)(—f+)=u— AR\ A)u+ RN A)f
— _AR(N\, Ayu+ RO\, A)S.

Taking the representation e}, = u — AR(A, A)u + R(\, A) f we see that because A — R(A, A) is holomorphic
for RA > 0, A — e, is also holomorphic there. From the Hille-Yosida theorem we have the estimate
|R(X, A)|| <1/RX for ®A > 0. For any scalar function C(X), the element ey = C(A\)e) € Ker(AI — A) for
each R\ > 0. Thus taking, for example, C(\) = A~!, we obtain e, that satisfies the required conditions. O

Proposition 3.14. If for some A > 0 the null-space Ker(A — A) is closed in X, then A is closed. In
particular, A is closed if Ker(A — A) is finite-dimensional.

Proof. We know that A is closed if and only if AT — A is closed, so we prove the closedness of A\ — A.
Let z), — z’ and (A — A)z), — y in X. Operating on z), with the projector (3.2.50) we obtain that z, =
R(A, A)(A—A)x], converges to some x € D(A) (bothin X and in D(A)). Thus ey, = =), —x, € Ker(AI—A)
also converges in X and, by assumption,

ex = lim ey, € Ker(A\ — A).

n— o0
Thus
' =x+ey

and because both D(A) and Ker(AI — A) are subspaces of D(A), we have 2’ € D(A). Moreover, because
(M — A)z), — y in X, we have z,, = R(\, A) (A — A)z], = R(\, A)y; thus R(A\, A)y = z and (A — A)x =
(M - ARN Ay = (M — A)R(\, A)y = y. This finally yields

(M —A)x' =M — Az + (M — Aex =y

and A is closed. O

Example 3.15. Let us consider the Dirichlet problem for the heat equation

Ou =Au, inf2, t>0
ulap =0, (3.2.52)

u‘t:() = aa

where (2 is a plane domain with a polygonal boundary, [38]. We consider this problem in the space Lo(£2).
By the earlier example, the semigroup for the above problem is generated by the restriction Ay of the
distributional Laplacian to the domain

D(As) = {u eW(Q); Au € Ly(2)}.

Because 2 is bounded, (As, D(A3)) is an isomorphism from D(As) onto Lo(§2), [38, Theorem 2.2.2.3]. Let
us denote R

D = Wi(2)NWZ(0).
If 2 is convex, D(A2) = D and we have the maximum possible regularity. On the other hand, if the angle

o at one corner of (2 satisfies, say, 7 < a < 2, then D= I/IO/%(Q) N WZ(£2) is a proper subspace of D(Az) of
codimension 1; see [38, Theorem 4.4.3.3], [11, 12]. In other words,

dim Ly(£2)/A2(D) = 1. (3.2.53)
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We introduce the maximal operator A ., defined to be the distributional Laplacian A restricted to the
domain

D(Agymax) = L270(Q,A) = {U S LQ(Q), Au € LQ(Q),’)/U = 0},

where the trace yu is well-defined by means of Green’s theorem (see, e.g., [12]). We have the following
theorem, [12].

Theorem 3.16. The operator Agmax @ Lao(£2,A) — Lo(82) is surjective and the kernel Ker(Az max) in
Lo o(£2, A) is isomorphic to Lo(£2)/A2(D).

The significance of this theorem is that because the generator As : D(As) — Lo(f2) is an isomorphism,
Ker(Az max) is not trivial by (3.2.53) and functions from Ker(Azmax) C D(A2max) do not belong to
D(As). Therefore D(Asg max) # D(A2) and by Theorem 3.11 and Corollary 3.13, there exist differentiable
L2 (§2)-valued nul-solutions to (3.2.52).
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Positivity

1 Basic positivity concepts

The common feature of the introduced models is that the solution originating from a nonnegative density
should stay nonnegative; that is, the solution operator should be a ‘positive’ operator. Since we are talking
about general Banach spaces, we have to define what we mean by a nonnegative element of a Banach space.
Though in all cases discussed here our Banach space is an L;({2, 1) space, where the nonnegativity of a
function f is understood as f(xz) > 0 p-almost everywhere, it is more convenient to work in a more abstract
setting.

Defining Order

In a given vector space X an order can be introduced either geometrically, by defining the so-called positive
cone (in other words, what it means to be a positive element of X), or through the axiomatic definition:

Definition 4.1. Let X be an arbitrary set. A partial order (or simply, an order) on X is a binary relation,
denoted here by ‘>’, which is reflexive, transitive, and antisymmetric, that is,

(1) x > x for each x € X;
(2) x >y andy > x imply x =y for any x,y € X;
(8) x>y andy > z imply x > z for any x,y,z € X.

The supremum of a set is its least upper bound and the infimum is the greatest lower bound. The supremum
and infimum of a set need not exist. For a two-point set {x,y} we write © A y or inf{z,y} to denote its
infimum and z V y or sup{z, y} to denote supremum.

We say that X is a lattice if every pair of elements (and so every finite collection of them) has both supremum
and infimum.

From now on, unless stated otherwise, any vector space X is real.

Definition 4.2. An ordered vector space is a vector space X equipped with partial order which is compatible
with its vector structure in the sense that

(4) x >y implies x + z > y+ z for all z,y,z € X;
(5) © >y implies ax > ay for any x,y € X and o > 0.

The set Xy = {x € X; © > 0} is referred to as the positive cone of X.

If the ordered vector space X is also a lattice, then it is called a wvector lattice or a Riesz space.
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For an element x in a Riesz space X we can define its positive and negative part, and its absolute value,
respectively, by
xy =sup{z,0}, a_ =sup{—=z,0}, |z|=sup{z, —z},

which are called lattice operations. We have
rT=x4y—T_, |z =24 + 2. (4.1.1)

The absolute value has a number of useful properties that are reminiscent of the properties of the scalar
absolute value.

As the next step, we investigate the relation between the lattice structure and the norm, when X is both a
normed and an ordered vector space.

Definition 4.3. A norm on a vector lattice X is called a lattice norm if
2| < |y| implies |[lz]| < ly[|. (4.1.2)
A Riesz space X complete under the lattice norm is called a Banach lattice.
Property (4.1.2) gives the important identity:
]l = [llll, =X (4.1.3)

AM- and AL-spaces

Two classes of Banach lattices playing here a significant role are AL- and AM- spaces.
Definition 4.4. We say that a Banach lattice X is

(i) an AL-space if |z +y|| = lle]| + lly]l Jor all 2,y € X,
(ii) an  AM-space if |le v/ y|| = max{|l2]l, [y} for all z.y € X

Example 4.5. Standard examples of AM-spaces are offered by the spaces C(£2), where (2 is either a bounded
subset of R™, or in general, a compact topological space. Also the space Loo(2) is an AM-space. On the
other hand, most known examples of AL-spaces are the spaces L;(f2). These examples exhaust all (up to a
lattice isometry) cases of AM- and AL-spaces. However, particular representations of these spaces can be
very different.

1.1 Positive Operators

Definition 4.6. A linear operator A from a Banach lattice X into a Banach lattice Y is called positive,
denoted A > 0, if Ax > 0 for any = > 0.

An operator A is positive if and only if |Az| < Alz|. This follows easily from —|z| < z < |z| so, if A is
positive, then —A|z| < Az < A|z|. Conversely, taking 2 > 0, we obtain 0 < |Az| < A|z| = Ax.

Positive operators are fully determined by their behaviour on the positive cone. Precisely speaking, [16,
Theorem 2.64]),

Theorem 4.7. If A: X, — Y, is additive, then A extends uniquely to a positive linear operator from X to
Y. Keeping the notation A for the extension, we have, for each x € X,

Az = Azy — Az _. (4.1.4)
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A frequently used property of positive operators is given in

Theorem 4.8. If A is an everywhere defined positive operator from a Banach lattice to a normed Riesz
space, then A is bounded.

Proof. If A were not bounded, then we would have a sequence (z,,)nen satisfying ||2,| = 1 and ||Axz,|| > n?,
n € N. Because X is a Banach space, x := > >~ n 2|z,| € X. Because 0 < |z,|/n? < z, we have co >
| Az| > [|A(|zn]/n?)|| > || A(2n/n?)|| > n for all n, which is a contradiction. O

The norm of a positive operator can be evaluated by

1A= sup |[Az]. (4.1.5)

220, [lz]|<1

Indeed, since [|A| = supy, <1 [[Az]| > sup,>¢ - <1 |Az[, it is enough to prove the opposite inequality. For
each x with ||z|| < 1 we have |z| = 4 + 2_ > 0 with ||z|| = |||z||| £ 1. On the other hand, Alz| > |Ax|,
hence [|Alz|[| = [[|Az|[| = [|Az[. Thus sup, <1 [|[Az]| < sup,>o <1 [|[Az[| and the statement is proved.

As a consequence, we note that
0<A<B = |A| <|B. (4.1.6)

Moreover, it is worthwhile to emphasize that if A > 0 and there exists K such that ||Az|| < K|jz|| for > 0,
then this inequality holds for any x € X. Indeed, by (4.1.5) we have ||A|| < K and using the definition of
the operator norm, we obtain the desired statement.

1.2 Relation Between Order and Norm

There is a useful relation between the order, norm (absolute value) and the convergence of sequences if we
are in R — any monotonic sequence which is bounded (in absolute value), converges. One would like to have
a similar result in Banach lattices. It turns out to be not so easy.

Existence of an order in some set X allows us to introduce in a natural way the notion of (order) convergence.
Proper definitions of order convergence require nets of elements but we do not need to go to such details.

For a non-increasing sequence (,,)neny we write z, | x if inf{x,; n € N} = z. For a non-decreasing sequence
(zn)nen the symbol z,, T x have an analogous meaning. Then we say that an arbitrary sequence (z,,)nen is
order convergent to z if it can be sandwiched between two monotonic sequences converging to z. We write
this as z,, — z. One of the basic results is:

Proposition 4.9. Let X be a normed lattice. Then:

(1) The positive cone X is closed.

(2) If (zn)nen is nondecreasing and lim,,_, x, = x in the norm of X, then
x = sup{x,; n € N}.

Analogous statement holds for nonincreasing sequences.

In general, the converse of Proposition 4.9(2) is false; that is, we may have z,1T x but (z,)nen does not
converge in norm. Indeed, consider x,, = (1,1,1...,1,0,0,...) € I, where 1 occupies only the n first
positions. Clearly, sup,, ey @n = @ :=(1,1,...,1,...) but ||, — x|l = 1.

However, such a converse holds in a special class of Banach lattices, called Banach lattices with order
continuous norm.
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Definition 4.10. We say that a Banach lattice X has order continuous norm if for any net (€q)aca, Tad 0
implies ||z 0.

Theorem 4.11. [1, Theorem 12.9] For a Banach lattice X, the statements below are equivalent.

(1) X has order continuous norm;
(2) If 0 < z, 1< & holds in X, then (xy)nen is a Cauchy sequence;

(8) X is o-order complete and x, | 0 implies ||z, || — 0.
Moreover, every Banach lattice with order continuous norm is order complete.

All Banach lattices L, (£2) with 1 < p < oo have order continuous norms. On the other hand, neither L. (§2)
nor C(£2) (if £2 does not consist of isolated points) has order continuous norm.

The requirement that (z,),eny must be order dominated often is too restrictive. The spaces we are mostly
concerned belong to a class which have a stronger property.

Definition 4.12. We say that a Banach lattice X is a KB-space (Kantorovic—-Banach space) if every
increasing norm bounded sequence of elements of X converges in norm in X.

Ezxample 4.13. We observe that if xn 1 x, then ||z,| < [|z| for all n € N and thus any K B-space has
order continuous norm by Theorem 4.11. Hence, spaces which do not have order continuous norm cannot be
K B-spaces. This rules out the spaces of continuous functions, loo and Lo (£2).

To see that the K B-class is indeed strictly smaller, let us consider the space cqo. First we prove that it has
order continuous norm. It is clearly o-order complete. Let the sequence (Xp)nen, given by X, = (2} )ren,
satisfy x, ) 0. For a given € > 0, we find ko such that |x}| < € for all k > ko. Because (Xp)nen is decreasing,
we also have |z}| < € for all k > ko and n > 1. Then, we find ng such that |z}| < € for all n > ng and
1 <k < ko and combining these estimates we see that ||x,|| < € for all n > ngy so ||x,| — 0.

On the other hand, let us again take the sequence x, = (1,1,...,1,0,0,...) where 1 occupies n first positions.
It is clearly norm bounded and increasing, but it does not converge in norm to any element of co. Hence, cq
1s not a K B-space.

Any reflexive Banach space is a K B-space, [16, Theorem 2.82]. That AL-spaces (so, in particular, all L;
spaces) are also K B-spaces follows from the following simple argument.

Theorem 4.14. Any AL-space is a K B-space.

Proof. If (x,)nen is an increasing and norm bounded sequence, then for 0 < z,, < z,,, we have
[Zmll = [[2m = znll + [|2n]

as Ly, — L, > 0 so that

[€m = 2zl = [l2m]l = 2nll = [lzmll = llzalll -
Because, by assumption, (||z,||)nen is monotonic and bounded, and hence convergent, we see that (,)nen
is a Cauchy sequence and thus converges. O

1.3 Complexification

Due to the construction, solutions to all our models must be real. Thus, our problems should be posed in
real Banach spaces. However, to take full advantage of the tools of functional analysis, such as the spectral
theory, it is worthwhile to extend our spaces to include also complex valued functions, so that they become
complex Banach spaces. While the algebraic and metric structure of Banach spaces can be easily extended
to the complex setting, the extension of the order structure must be done with more care. This is done by
the procedure called complezification.
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Definition 4.15. Let X be a real vector lattice. The complezification X¢ of X is the set of pairs (z,y) €
X x X where, following the scalar convention, we write (x,y) = x + iy. Vector operations are defined as in
scalar case while the partial order is defined by

xo+iyo <y +iy; ifandonly if xy <y and yo = y;. (4.1.7)

Remark 4.16. Note that from the definition it follows that z > 0 in X¢ is equivalent to x € X and « > 0 in
X. In particular, X¢ with partial order (4.1.7) is not a lattice.

Example 4.17. Any positive linear operator A on X¢ is a real operator; that is, A : X — X. In fact, let
X 2 2 =24 —x_. By definition, Az, >0 and Az_ > 0so Azx;, Ax_ € X and thus Ax = Az, —Az_ € X.

It is a more complicated task to introduce a norm on X because standard product norms, in general, fail
to preserve the homogeneity of the norm, see [16, Example 2.88].

Since X¢ is not a lattice, we cannot define the modulus of z = x+iy € X¢ in a usual way. However, following
an equivalent definition of the modulus in the scalar case, for = + iy € X we define

|z +iy| = sup {zcosf+ysinb}.
0e0,27]

It can be proved that this element exists.

Such a defined modulus has all standard properties of the scalar complex modulus. Thus, one can define a
norm on the complexification X by

1zlle = [l +iylle = lllz + iylll- (4.1.8)
Properties (a)—(c) and |z| < |z], |y| < |z| imply that ||-||. is a norm on X, which is equivalent to the Euclidean
norm on X x X, denoted by | - ||c. As the norm || -|| is a lattice norm on X, we have ||z1||. < ||22]|¢, whenever
|z1] < |22|, and || - || becomes a lattice norm on X¢.

Definition 4.18. A complex Banach lattice is an ordered complex Banach space X¢ that arises as the
complexification of a real Banach lattice X, according to Definition 4.15, equipped with the norm (4.1.8).
Remember: a complex Banach lattice is not a Banach lattice!

Any linear operator A on X can be extended to X¢ according to
Ac(x +iy) = Ax + i Ay.

We observe that if A is a positive operator between real Banach lattices X and Y then, for z = x4+ iy € X¢,
we have
(Azx)cos 4 (Ay)sinf = A(x cosd + ysinb) < Alz],

therefore |Acz| < A|z|. Hence for positive operators

[Aclle = 1Al (4.1.9)
There are, however, examples where ||A|| < [|Ac|le-
Note that the standard L,(£2) and C(£2) norms are of the type (4.1.8). These spaces have a nice property

of preserving the operator norm even for operators which are not necessarily positive, see [16, p. 63].

Remark 4.19. If for a linear operator A, we prove that it generates a semigroup of say, contractions, in X,
then this semigroup will be also a semigroup of contractions on X¢, hence, in particular, A is a dissipative
operator in the complex setting. Due to this observation we confine ourselves to real operators in real spaces.
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Series of Positive Elements in Banach Lattices

We note the following two results which are series counterparts of the dominated and monotone convergence
theorems in Banach lattices.

Theorem 4.20. [15] Let (x,,(t))nen be family of nonnegative sequences in a Banach lattice X, parameterized
by a parametert € T C R, and letty € T.

(i) If for each n € N the function t — x,(t) is non-decreasing and tl}lltl Zn(t) = zy, in norm, then
0

lim 3 (f) = ixn, (4.1.10)

t o n=0
irrespective of whether the right hand side exists in X or || Z T || == sup{|| Z Zull; N € N} = 0. In

the latter case the equality should be understood as the norms of both sides bemg infinite.

1) If lim z,(t) = x, in norm for each n € N and there exists (an)nen such that x,(t) < a, for any
5t
—to

teT,neN with Y |lan|| < oo, then (4.1.10) holds as well.
n=0

Remark 4.21. Note that if X is a K B-space, then lim; fozo x}r\L{(t) € X implies convergence of Zf:;o Tn-
In fact, since z,, > 0 (by closedness of the positive cone), N = >" " x, is non-decreasing, and hence either
S o € X, 0r || Y07 @, = 0o and, in the latter case, |[limy sy, Yoo o zn(t)]| = 00

2 Positive Semigroups

Definition 4.22. Let X be a Banach lattice. We say that the semigroup {G(t)}i>0 on X is positive if for
any x € Xy andt >0,
G(t)x > 0.

We say that an operator (A, D(A)) is resolvent positive if there is w such that (w,00) C p(A) and R(A\, A) >0
for all A > w.

Remark 4.23. In this section, because we address several problems related to spectral theory, we need com-
plex Banach lattices. Let us recall, Definitions 4.15 and 4.18, that a complex Banach lattice is always a
complexification X¢ of an underlying real Banach lattice X. In particular, z > 0 in X if and only if z € X
and x > 0in X.

Theorem 4.24. A strongly continuous semigroup {Ga(t)}i>o0 s positive if and only if the resolvent of its
generator A is positive for large \.

Proof. The positivity of the resolvent for A\ > w follows from (3.1.19) and closedness of the positive cone; see
Proposition 4.9. Conversely, the latter together with the exponential formula (3.1.23) shows that resolvent
positive generators generate positive semigroups.

In practice, it is important to characterise positivity of the semigroup directly through a property of its
generator.
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2.1 Examples of positive semigroups
Finite dimensional case

Proposition 4.25. The solution y(t) of

dy
I =AY y(0) = yo

satisfies y(t) > 0 for any t > 0 for arbitrary yo > 0 if and only if A has non-negative off-diagonal entries.

Proof. First let us consider A > 0. Then, using the exponential formula

t2 3. th
etA:I+tA+5A2+§A3’+...+EA’€+...,

and the fact that the powers of a nonnegative matrix are nonnegative, we see that e** > 0 for ¢ > 0. Next,

at ,tA

we observe that for any real a and 0 S}O’G R”, the function y(t) = e**e*tyq > 0 if and only if e*yy > 0 and

satisfies the equation
d
di}t’ =ay + Ay = (aZ + A)y.

Hence, if the diagonal entries of A, a;;, are negative then, denoting r = max;<;<,{—ai;}, we find that

A=7rT+ A > 0. Using the first part of the proof, we see that

et.A — efrtet.A Z 0.

To prove the converse, let us write

611(t) . Eln(t)
M =E@) = : : ,
€n1(t) ... €nn(t)

so that €;;(¢t) > 0 for all 4,j = 1,...,n, and consider £(t)e; = (€1;(¢), ..., €ni(t)). Then

d
(ali, cee sy gy e et ,am) = Ag(t)eilt:() = Eg(t)ei
t=0
. €1i(h) Eu(h) -1 an(h)
=1
hir(r)lJr ( L ’ ’ h ) ’ h )

so that a;; > 0 for j # 1.

The diffusion semigroup in L2(2)

Often we have to resort to PDE specific techniques.
Consider the diffusion problem (4.2.12)—(4.2.14)
Ou = Au, in 2 x 0,77,
u=0, onlX,

u = ug, on {2

and its variational solution u which satisfies u € C([0, 0o, L2(£2)) N C*°(]0, o[, L2(2)).

(4.2.11)

(4.2.12)
(4.2.13)
(4.2.14)

We us the method of barrier function introduced by G. Stampacchia. We assume that {2 is bounded and

UQZO.
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Let G be a bounded C'(R) function satisfying G(s) = 0 for s > 0, G’(s) < 0 for s < 0 (so that G(s) > 0 for
s < 0) and |G'(s)| < M for s € R. Let us define
= /G(U)do
0

!H

We observe that for any u eV?/%(Q), G(u(+)) € Wi 3(82). Indeed, if ¢ € C§°(§2), then supp G(¢(+)) = {x €

R™; ¢(x) < 0} C supp ¢. If C5°(£2) 2 ¢p = u EWQ(.Q) then, without changing notation, we can use the
subsequence converging almost everywhere. It is easy to see that

and

10G (¢)0n — OG (u)dullg < / |G (¢n)?|0¢n — Oul*dze + / |G (¢n) — G (u)*|Oul*da
2 i)

and the convergence follows since |G’| < M (in the second term by the dominated convergence theorem and
the fact that G'(¢,) — G'(u) almost everywhere). Now, we observe that ¢ € C([0, co[) N C1(]0, o0[). Indeed

(¢ + 1) —o(8)] < L/ u(z,t + h) —u(z,t)|dz < Ly/p(Q)[[ul- t+ h) —ul, )]
[0}

Similarly, using the formal derivative

amuyi/aw@m»@u@¢mm

9]

and the fact that H is twice differentiable

ot +h) — ¢(t) — hdio(t) ’
h

w(@, t + h) — u(z, t) — hdult, )
h

dx

< / Glu(, 1))

n

+op [ 10G@ D ue,t+ )~ u(e,0) e,
2

where 4 is some intermediate point. Since G and G’ are bounded, the first integral converges to zero as
h — 0 by Lo differentiability of v for t > 0 and for the second term we have

- RM |Ju(-,t + h) —u(-,t)|3
_ < —
2h/|8G w(z, t)||u(z,t + h) — u(x, t)\ dx 5 12

which also converges to zero as h — 0 and ¢ > 0. Using continuity, we see that ¢(0) = 0 as, due to ug > 0,
the integral of G is zero. Moreover, the integral is nonzero only if u(x,t) < 0 which makes H negative and
so ¢(t) <0 for t > 0. Using the properties of ¢, we find

O (t) /G u(z,t))Ou(z, t)de /86' u(z,t))|Vu(z, t)|*dz > 0.

Since, however, ¢(0) = 0 and ¢(¢) < 0 we find ¢(¢) = 0 for all ¢ > 0. This implies H(u(x,t)) = 0 almost
everywhere which, in turn, gives u(x,t) > 0 for almost any x.
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Positive maximum principle

For semigroups on the space of of continuous functions, a powerful tool for recognizing positive semigroups
is offered by the maximum principle.

Definition 4.26. We say that an (unbounded) operator A on X = C(K), where K is compact, satisfies the
positive mazimum principle if for every 0 <wu € D(A) and x € K, u(z) = 0 implies (Au)(x) > 0.

Then we have

Theorem 4.27. A semigroup {G(t)}1>0 on C(K) generated by A is positive if and only if A satisfies the
positive mazrimum principle.

Proof. If {G(t)}+>0 is positive, then G(t)u > 0 for any 0 < u € D(A) and ¢t > 0. But, from the definition of
the generator,
Au= lim P
h—0+t h
uniformly in z on K, and hence pointwise. If u(z) = 0, then

(Au)(z) = Tim E)U@)

>0
h—0+ h -

and A satisfies the positive maximum principle.

Conversely, let A satisfies positive maximum principle. Our aim is to show that it is resolvent positive for

large A. Let s = inf{\ € R; [\, 00[C p(A)}. Then s < oo by Hille-Yosida theorem. Let us take a strictly

positive C(K) 3 u >> 0. Since lim pR(pu)u = u by (3.1.20) and, since this limit is uniform, we can consider
H—>00

Ao = inf{\ > s; R(u, A)u >> 0 for all 1 €]A, oo[} < 0.

If A\g # s, then A\g > s and A\g € p(A). Moreover, R(\g, A)u is not strictly positive, therefore there exists
x € K for which [R(\g, A)u](z) = 0. Then the positive maximum principle implies [AR(Ag, A)u](z) > 0. But
then

0 < u(z) = AoR(Ao, A)u)(z) — [AR(No, A)ul(z) <0

which is a contradiction. Thus, R(\, A)u >> 0 for all u >> 0 and A > s. Since {u € C(K); u >> 0} is
dense in C(K)4, we see that R(A, A) >0 for A >s. O

With this result in hand, we can prove that the semigroup for the diffusion problem with the Robin boundary
conditions, (3.1.31), is positive. To use the positive maximum principle, consider 0 < u € {C?([0, 1]); d,u(0)+
apu(0) = dpu(l) + aju(l) = 0} and x € [0, 1] such that u(x) = 0. If  €]0, 1], then u attains local minimum
at ¢ and thus [Au](z) = Ogzu(z) > 0. If x = 0, then d,u(0) = 0. But, if u(0) = d,u(0) = 0, then the
even extension u* of u to [—1,0] is twice differentiable on [—1,1] and thus 0,,u*(0) = 9,,u(0) = 0. Similar
argument works if (1) = 0.

3 Arendt-Batty-Robinson theorem

Positivity of a semigroup allows for strengthening of several results pertaining to the spectrum of its generator.

Theorem 4.28. [53] Let {Ga(t)}i>0 be a positive semigroup on a Banach lattice, with the generator A.
Then

oo

R\, A)x = / e MG A(t)xdt (4.3.15)
0
for all X € C with R\ > s(A). Furthermore,
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(i) Either s(A) = —o0 or s(A) € o(A);
(ii) For a given \ € p(A), we have R(A\, A) > 0 if and only if X > s(A);
(iii) For all RX > s(A) and © € X, we have |R(\, A)z| < R(RA, A)|z|.

We conclude this section by briefly describing an approach of [3] which leads to several interesting results
for resolvent positive operators. To fix attention, assume for the time being that w < 0 (thus, in particular,
A is invertible and —A~! = R(0, A)) and A > 0. The resolvent identity

ATt = (A=A AN - A) (=AY,
can be extended by induction to
AT = RO A) AR A 4 -+ APR(L A (AT, (4.3.16)
Now, because all terms above are nonnegative, we obtain

sup {A"[|[(A—A) (=AY x} = M < 4o0.
neN,A>w

This is ‘almost’ the Hille-Yosida estimate and allows us to prove that the Cauchy problem (3.1.10), (3.1.11)

has a mild Lipschitz continuous solution for ue D(A?). If, in addition, A is densely defined, then this mild
solution is differentiable, and thus it is a strict solution (see, e.g., [4] and [6, pp. 191-200]). These results are
obtained by means of the integrated, or regularised, semigroups, which are beyond the scope of this lecture
and thus we do not enter into details of this very rich field. We mention, however, an interesting consequence
of (4.3.16) for the semigroup generation, which has already found several applications and which we use
later.

Theorem 4.29. [4, 27] Let A be a densely defined resolvent positive operator. If there exist \g > s(A),c¢ >0
such that for all x > 0,
IR(No, A)z||x > cllz|lx, (4.3.17)

then A generates a positive semigroup {Ga(t)}i>0 on X.

Proof. Let us take s(4) < w < A\g and set B = A — wI so that s(B) < 0. Because R(0,B) = R(w,A) >
R(Xo, A), it follows from (4.3.17) and (4.1.6) that

[R(0, B)z|[x = [[R(Ao, A)z||x = clz|x
for > 0. Using (4.3.16) for B and = = A"R(\, B)"g, g > 0, we obtain, by (4.3.17),
IN"R(X, B)"gllx < ¢ RO, B)X"R(X, B)"gl| < Mg x,

for A > 0. Again, by (4.1.6), we can extend the above estimate onto X proving the Hille-Yosida estimate.
Because B is densely defined, it generates a bounded positive semigroup and thus |G 4(t)|| < Me¥t. O

4 Application — transport on graphs

We return to the problem Hence, we see that there is a class of problems which can be written in the form
u;, = Au, u(0) = f,

u(l) = Ku(0), (4.4.18)

where A = diag{c;0; }1<;<m and K is an arbitrary (not necessarily nonnegative) matrix. We consider A on

the domain
D(A) = {ue (W{([0,1]))™; u(1) = Ku(0)} (4.4.19)

and by C we denote diag{c;}1<j<m.-
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Theorem 4.30. The operator (A, D(A)) generates a Cy semigroup on (L1([0,1]))™. The semigroup is pos-
itive of and only if K > 0.

Proof. Clearly, (C§°((0,1)))™ C D(A) and hence D(A) is dense in X. Let us consider the resolvent equation
for A. We have to solve
Auj —cjOyu; = f;, j=1,...,m, x€(0,1),
with u € D(A). Integrating, we find the general solution
1
A A (z—s)
cjuj(x) = cje vj + /e“i fi(s)ds, (4.4.20)
A
where v = (v1,...,0,,) is an arbitrary vector. Let E(s) = diag {ecj }1< . Then (4.4.20) takes the form
<jsm
1
Cu(z) = CEy(z)v + /]EA(x — s)f(s)ds.

To determine v so that u € D(A), we use the boundary conditions. At z = 1 and at z = 0 we obtain,
respectively

1
Cu(l) =CEx(1)v, Cu(0) =Cv + /EA(—s)f(s)ds.
0
Let us first consider K > 0. Then we also take f > 0.
1
CEA(1)v = Cu(1) = CKu(0) = CK | v + ¢! /]E,\(—s)f(s)ds ,
0

which can be written as
1

(I—-Ex(-1)K)v = Ey\(-1)KC™! /]E,\(—s)f(s)ds. (4.4.21)
0

Since the norm of Ey(—1) can be made as small as one wishes by taking large A, we see that v is uniquely
defined by the Neumann series provided A is sufficiently large and hence the resolvent of A exists. We need
to find an estimate for it. First we observe that the Neumann series expansion ensures that A is a resolvent
positive operator and hence the norm estimates can be obtained using only nonnegative entries. Adding

together the rows in
1

Ex()v=K|[v+C! /EA(—s)f(s)dS )
0
we obtain

m m m 1

A K,j . S

cj — .ny. cj .
E esiv; = E KjU; + E e fi(s)ds,
i=1 i=1 =1 7 3

where k; = Y k;;. By (4.4.20), we can evaluate, for j € {1,...,m},
i=1
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m 1 |

so that, renorming X with the norm |[luflc = >>72, ¢; " [lu;l £, ([0,17), We have

1

[ufe=> ¢t /Uj(x)dx (4.4.22)
J=1 0

j=1 Jj=1 0
1 1 Ki—1 [ 2 1 1
=Y i+ 5 3 /e T i()s+ 1 D0 — [ fi()ds
j=1 =1 7 9 i=1 7g
We consider three cases.
(a) kj < 1 for j = 1,...,m. This condition means that the {; matrix norm of K is at most 1, hence

IIEx(—1)K]|| < 1 and thus v is defined for any A > 0. Therefore R(A, A) is defined and positive for any A > 0.
Under the assumption of this item, by dropping two first terms in the second line, (4.4.22) gives

1
A | 1
<=N"= [ 5 = .
fule <5 Y0+ [ fi(e)ds = St A>0
0

Since D(A) is dense in X, (4, D(A)) generates a positive semigroup of contractions in (X, || - ||¢)-
(b) k; > 1 for j =1,...,m. Then (4.4.22) implies that for some A > 0 and ¢ = 1/\ we have

IR, A)flle = cf[f]le

and, by density of D(A), the application of the Arendt-Batty-Robinson theorem, Theorem 4.29, gives the
existence of a positive semigroup generated by A in (X, | - ||c). Since, however, the norm | - || and the
standard norm || - || are equivalent, we see that A generates a positive semigroup in X.

(C) K < 1 fOI‘j € I; and Kj >1 fOI‘j € Iy, where 1 NIy, = ? and LUl = {1, Ce ,m}. Let L = (lij)lgi,jgwu
where [;; = k;; for j € Iy and l;; =1 for j € I;. Thus, denoting by Ay, the operator given by the differential
expression diag{c;0; }1<j<m restricted to

D(AL) = {u e (W ([0,1]))"; u(1) = Lu(0)},

we see, by (4.4.21), that
0 <R\ A)<R(\AL) (4.4.23)

for any A for which R(\, AL) exists. But, by item (b), Ay, generates a positive semigroup and thus satisfies
the Hille-Yosida estimates. Since clearly (4.4.23) yields R¥(\, A) < R¥(\, Ay) for any k € N, for some w > 0
and M > 1 we have

|REN, A)|| < [[RFN AL < MA—w)™F, A>wkeN,
and hence we obtain the generation of a semigroup by A.

Assume now that K is non positive. The analysis up to (4.4.21) remains valid. Then (4.4.21) can be expanded
as

vV = (H — ]E)\(—l)K)il E)\(—l)K(C_l /E)\(—S)f(s)ds = i(EA(—l)K)nE)\(—l)KC_l /EA(—s)f(s)ds
and

oo

1 1
u(x) = Ey(z) Z(EA(—l)K)"E,\(—l)KC_l /E)\(—s)f(s)ds +Ct /E)\(l‘ — s)f(s)ds. (4.4.25)
0 T

n=0
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Denoting now |u| = (|u1], ..., |us|) and |K| = (Jki;|)1<i,j<m and using the fact that only K may have non
positive entries, we find

[u(e)] < Ex(2) S (Ex(—1)|K])"Ex(~1)K|C! / Ex(—s)|f|(s)ds+C™ / Ex(z—5)|f](s)ds = RO\ A/,
0

n=0

where, similarly, Ak denotes the transport operator restricted to Wi ([0,1]) functions satisfying u(1) =
|K|u(0). So, we can write

and, iterating,
IR\, Ak)* f| = |R(\, Ak)R(X, Ak) f| < RO\, Aig))|[R(N, Ag) f| < R(A, Aig))?| £
so that inductively
IR(\, Ax)F f| < R(N, A £

Using the fact that in Banach lattices taking the modulus does not change its norm, we find

M
1RO 41l < IR Ay U5 1L

with M and w following from the Hille-Yosida estimates for A,

The fact that K > 0 yields the positivity of the semigroup follows from the first part of the proof. To prove
the converse, let k;; < 0 and consider the initial condition f(z) = (fi1(x),..., fm(x)) with fr =0 for k # j
and f; € C'([0,1]) with f;(0) = f;(1) = 0 so that £ € D(A). Then, at least for ¢ < mini<;<m{1/c;}, u;
satisfies

8tui = ciamui, Ui($, O) = O,Uz(l,t) = kijfj(cjt);

that is,

—t—1 1—
Ul(l',t) = kijfj <Cj“> s t> r

and we see that the solution is not non negative. This ends the proof. O

Ci Ci






5

Perturbation methods

Verifying conditions of the Hille-Yosida, or even of the Lumer—Phillips, theorems for a concrete problem is
quite often a formidable task. On the other hand, in many cases the operator appearing in the evolution
equation at hand is built as a combination of much simpler operators that are relatively easy to analyse. The
question now is to what extent the properties of these simpler operators are inherited by the full equation.
More precisely, we are interested in the problem:

Problem P. Let (A, D(A)) be a generator of a Cy-semigroup on a Banach space X and (B, D(B))
be another operator in X. Under what conditions does A+ B, or an extension K of A+ B, generates
a Cy-semigroup on X ?

We note that the situation when K = A + B is quite rare. Usually at best we can show that there is an
extension of A + B (another realization of K = A+ B) which is the generator. The reason for this is that,
unless B is in some sense strictly subordinated to A, adding B to A may significantly alter some vital
properties of A. The identification of K in such cases usually is a formidable task.

1 A Spectral Criterion

Usually the first step in establishing whether A + B, or some of its extensions, generates a semigroup is to
find if A\T — (A + B) (or its extension) is invertible for all sufficiently large .

In all cases discussed here we have the generator (A, D(A)) of a semigroup and a perturbing operator
(B, D(B)) with D(A) C D(B).

We note that B is A-bounded; that is, for some a,b > 0 we have
|1Bx| < al|Az|| + b||z||, x € D(A) (5.1.1)
if and only if BR(\, A) € L(X) for A € p(A).

In what follows we denote by K an extension of A + B. We now present an elegant result relating the
invertibility properties of A\I — K to the properties of 1 as an element of the spectrum of BR(\, A), first
derived in [36].

Theorem 5.1. Assume that A = p(A) N p(K) # 0.
(a) 1 ¢ 0,(BR(A, A)) for any A € A;
(b) 1 € p(BR(X\, A)) for some/all A € A if and only if D(K) = D(A) and K = A+ B;

(c) 1 € 0.(BR(\ A)) for some/all X € A if and only if D(A) & D(K) and K = A+ B;
(d) 1 € o.(BR(\, A)) for some/all X € A if and only if K 2 A+ B.
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Corollary 5.2. Under the assumptions of Theorem 5.1, K = A + B if one of the following criteria is
satisfied: for some \ € A either

(i) BR(\, A) is compact (or, if X = L1(£2,dp), weakly compact), or
(i) the spectral radius r(BR(\, A)) < 1.

Proof. If (ii) holds, then obviously I — BR(A, A) is invertible by the Neumann series theorem:

(I = BR()\A) ™t = ioj (BR(\, A)™, (5.1.2)

n=0
giving the thesis by Theorem 5.1 (b). Additionally, we obtain

R\, A+ B) = R\, A)(I — BR(\, A)™' = R\, A) S (BR(, A)™. (5.1.3)
n=0
If (i) holds, then either BR(\, A) is compact or, in L; setting, (BR(), A))? is compact, [32, p. 510], and
therefore, if I — BR(\, A) is not invertible, then 1 must be an eigenvalue, which is impossible by Theorem
5.1(a). O

If we write the resolvent equation

(M—-(A+B)z=y, yelX, (5.1.4)
in the (formally) equivalent form
x— R\, A)Bx = R(\, A)y, (5.1.5)
then we see that we can hope to recover x provided the Neumann series
RNy = X_IO(R(A, A)B)"R(A, A)y = X_)OR(M A)(BR(X, A))"y. (5.1.6)

is convergent. Clearly, if (5.1.2) converges, then we can factor out R(\, A) from the series above getting again
(5.1.3). However, R(\, A) inside acts as a regularising factor and (5.1.6) converges under weaker assumptions
than (5.1.2) and this fact is frequently used to construct the resolvent of an extension of A + B (see e.g.
Theorem 5.12 and, in general, results of Section 2).

The most often used perturbation theorem is the Bounded Perturbation Theorem, see e.g. [34, Theorem
I11.1.3]

Theorem 5.3. Let (A, D(A)) € G(M,w) for somew € R,M > 1. If B € L(X), then (K,D(K)) = (A+
B,D(A)) € G(M,w + M||B]).

In many cases the Bounded Perturbation Theorem gives insufficient information. Then it can be combined
with the Trotter product formula, [34, 54]. Assume K is of type (1,wp), w € R, and K is of type (1,w). If
(K,D(Ko) N D(K3)) := (Ko + K2, D(Ko) N D(K1)) generates a semigroup, then

Gk(t)x = lim (Gk,(t/n)Gk,(t/n))" z, =€ X, (5.1.7)
n—oo
uniformly in ¢ on compact intervals and K is of type (1,w) with w = wg 4+ wy. Moreover, if both semigroups
{Gk,(t)}+>0 and {Gk, (t)}+>0 are positive, then {G(t)}i>0 is positive.
The assumption of boundedness of B, however, is often too restrictive. Another frequently used result uses

special structure of dissipative operators.

Theorem 5.4. Let A and B be linear operators in X with D(A) C D(B) and A + tB is dissipative for all
0<t<1.If
[Bz|| < al|Az|| + bll«], (5.1.8)

for all x € D(A) with 0 < a < 1 and for some ty € [0, 1] the operator (A+1toB, D(A)) generates a semigroup
(of contractions), then A+ tB generates a semigroup of contractions for every t € [0, 1].
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Proof. The proof consists in showing, by using Neumann expansion, that if I — (A + toB) is invertible,
then I — (A + ¢B) is invertible provided |¢ — to| < 1 — a/(2a + b). Since the length of the interval on which
I — (A+tB) is invertible is independent of the starting point tg, by using finitely many successive steps, we
can cover the whole interval [0, 1]. Thus (A + tB, D(A)) is a dissipative operator such that I — (A4 4 tB) is
surjective for all ¢ € [0, 1]. Tt is also densely defined because D(A) is dense and so (A + tB, D(A)) generates
a semigroup of contractions. O

The fact that a < 1 in the previous theorem is crucial and a lot of work has been done to change < to =.
One result, in general setting, is given below. Some others, employing positivity, are discussed further on.

Theorem 5.5. Let A be the generator of a semigroup of contractions and B, with D(A) C D(B), is such
that A +tB is dissipative for all t € [0,1]. If

[ Bz|| < || Az[| + bf|], (5.1.9)

forx € D(A) and B* is densely defined, then A + B is the generator of a contractive semigroup. In particular,
if B is closable and X reflexive, then B* is densely defined.

2 Positive perturbations of positive semigroups

Perturbation results can be significantly strengthened in the framework of positive semigroups. This approach
goes back to the work of T. Kato [43]. His results were extended in [56, 16] and recently, in a more abstract
setting, in [9, 50]. The presented results are based on the exposition of [16] which is sufficient for our purposes.

We have seen in (5.1.2) that the condition r(BR(A, A)) < 1 implies invertibility of AT — (A+ B). It turns out
that this condition is equivalent to invertibility for positive perturbations of resolvent positive operators.

Theorem 5.6. [57] Assume that X is a Banach lattice. Let A be a resolvent positive operator in X and
A > s(A). Let B: D(A) — X be a positive operator. Then the following are equivalent,

(a) r(B(AT — A)~1) < 1;
(b) X € p(A+ B) and (A — (A+ B))~! > 0.

If either condition is satisfied, then

M —A-B) ' = (A=A S (BA = A—B)")" > (AT - A)L. (5.2.10)
n=0

2.1 Desch theorem

Theorem 5.7. Let A be the generator of a positive Cy-semigroup in X = L1(£2) and let B € L(D(A),X) be
a positive operator. If for some A > s(A) the operator A\I — A — B is resolvent positive, then (A + B, D(A))
generates a positive Cy-semigroup on X.

2.2 Arendt-Rhandi theorem

Theorem 5.8. [5] Assume that X is a Banach lattice, (A, D(A)) is a resolvent positive operator which gen-
erates an analytic semigroup and (B, D(A)) is a positive operator. If (A\gI —(A+B), D(A)) has a nonnegative
inverse for some Ao larger than the spectral bound s(A) of A, then (A+ B, D(A)) generates a positive analytic
semigroup.
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Proof. The proof is an application of Theorem 5.6. Under assumptions of this theorem, we obtain that
r(BR(Mo,A)) < 1. In particular, the series Y (BR(\g, A))"™ converges in the uniform operator topology.

n=0
Next, by Theorem 4.28, R(\, A) > 0 if and only if p(4) > A > s(A). Thus, using the resolvent identity we
have
RN, A) = R(Ao, A) — (A = Xo)R(No, A)R(A, A) < R(Xo, A)

whenever A > Xg. Since BR(A, A) is bounded in X, see Theorem 4.8, B : D(A) — X is bounded in
the graph norm of D(A). Let us now take A € C with ®RA > A, R 3 pu > X and f € D(A). Then
pR(p, A)R(N, A)f — R(N\, A)f as u — oo in the graph norm of D(A), see e.g., [54, Lemmas 1.3.2 and 1.3.3]
and we have, for f € D(A),

[BRO\A)f| = I [uBR(u, AR\ A)| < lim uBR(u, ARGA A/
pn—00 n—00

BR(u, A)R(RX, A)|f],

where we used |R(A\, A) f| < R(RA, A)|f| for RA > s(A), see Theorem 4.28. Thus, by density,

IBR(X, A)f| < BR(RA, A)|f] (5.2.11)

for all f € X and therefore
r(BR(X, A)) < r(BR()\,A)) <1

for any A € C with R\ > A\g. In particular, Y (BR(A, A))™ converges to a bounded linear operator with
n=0
5 (BROVA)S| < | £ (BR0w A 1] < 2011,

uniformly for A € C with X > A\g. This, in particular, shows that A + B generates a Cy-semigroup. Indeed,
from (5.2.10) and the above estimate we see that

1R A+ B) fIl < Mao[|RO, A
for A > Ao, so the claim follows since A satisfies the Hille-Yosida estimates (3.1.18) there.

Next we consider the analyticity issue. Using Theorem 3.9, for the operator A, there are wy and My such

that M
IR(r +is, A)|| < |T]4

for r > w,. Taking now w > max{\g,wa} we have, by (5.2.10),

G+ s, 4+ B = R0 A) 5 (5RO | < T S RO
< TARf feX,

for all » > w. Therefore (A + B, D(A)) generates an analytic semigroup. 0O

2.3 Kato-Voigt type results

In most perturbation theorems of the previous chapter an essential role was played by a strict inequality in
some condition comparing A and B (or {Ga(t)}1>0 and B). This provided some link between the generator
and both operators A and B, and ensured that the semigroup was generated by A + B or, at worst, by
A+ B. In many cases of practical importance, however, this inequality becomes a weak inequality or even
an equality. We show that in such a case we can still get existence of a semigroup albeit we usually lose
control over its generator which can turn to be a larger extension of A + B than A 4+ B. In such a case the
resulting semigroup has properties that are not ‘contained’ in A and B alone; these are discussed in the next
chapter. Here we provide the generation theorem, obtained in [16], which is a generalisation of Kato’s result
from 1954, [43], as well as some of its consequences.
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Theorem 5.9. Let X be a KB-space. Let us assume that we have two operators (A, D(A)) and (B, D(B))
satisfying:

(A1) A generates a positive semigroup of contractions {G4(t)}i>0,

(A2)  r(BR(X\ A)) <1 for some A > 0(= s(A)),

(A3) Bz >0 forxz € D(A)4,

(A4) <z*,(A+ B)x>< 0 for any x € D(A)4, where <a*,z>= ||z]|, x* > 0.

Then there is an extension (K, D(K)) of (A + B, D(A)) generating a Co-semigroup of contractions, say,
{GKk(t)}t>0. The generator K satisfies

ROLK)e = 3RO A)(BRO, A)Fz, A 0. (5.2.12)
k=0

D(A). We see that, as by (A2) the

Proof. We define operators K,, 0 <r < 1by K, = A+rB, D(K,) =
t (M — (A+7rB))~! exists and is given by

spectral radius of rBR(\, A) does not exceed r < 1, the resolven
RO\K,) := (M — (A+7B))"' = R\, A) Y. r™ (BR(), A)", (5.2.13)
n=0

where the series converges absolutely and each term is positive. Hence,
IR Kyl < A7yl (5.2.14)

for all y € X. Therefore, by the Lumer—Phillips theorem, for each 0 < r < 1, (K,, D(A)) generates a
contraction semigroup which we denote {G(t)}:>0. The net (R(X, K,)z)o<r<1 is increasing as r 1 1 for each
z € X4 and {||R(\, K,)z||}o<r<1 is bounded, so by assumption that X is a K B-space, there is an element
Yr,z € X4 such that

lim RO\, K, )z =yx .

r—1-

in X. By the Banach—Steinhaus theorem we obtain the existence of a bounded positive operator on X,
denoted by R(A), such that R(A)x = yx .. We use the Trotter-Kato theorem to obtain that R(\) is defined
for all A > 0 and it is the resolvent of a densely defined closed operator K which generates a semigroup of
contractions {G g (t)}1>0. Moreover, for any = € X,

lim G,(t)x = Gk (t)z, (5.2.15)

r—1—

and the limit is uniform in ¢ on bounded intervals and, provided x > 0, monotone as r 1 1. By the monotone
convergence theorem, [16, Theorem 2.91],

RO\ K)x = Y. R\ A)(BR\\ A)fz,  zeX (5.2.16)
k=0
and we can prove that R(\, K)(A — (A + B))x = x which shows that K D A+ B. O
The semigroup {Gk (t)}+>0 obtained in Theorem 5.9 is the smallest in the following sense.

Proposition 5.10. Let D be a core of A. If {G(t)}1>0 is another positive semigroup generated by an exten-
sion of (A+ B, D), then G(t) > Gk (t).

The assumption (A2) of Theorem 5.9 is stronger than the assumption that B is A-bounded, used in Theorem
5.5. Thus, it is worthwhile to compare Theorem 5.9 with Theorems 5.5 and 5.4.

Proposition 5.11. [16, Proposition 5.5] Let {G(t) }+>0 be the semigroup generated by A+ B or A+ B under
conditions of Theorems 5.4 or 5.5, respectively. If A is a resolvent positive operator and B is positive, then
{G(t)}+>0 is positive.
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Thus, if X is reflexive and B is closable, then Theorem 5.5 is evidently stronger than Theorem 5.9 as
the former requires positivity of neither {Ga(¢)}:>0 nor of B. Moreover, in Theorem 5.5, we obtain the full
characterisation of the generator as the closure of A + B. However, checking the closability of the operator B
in particular applications is often difficult, whereas the positivity is often obvious. Also, there is a large class
of nonclosable operators which can nevertheless be positive, for example, finite-rank operators (in particular,
functionals) are closable if and only if they are bounded. Moreover, Theorem 5.9 gives a constructive formula
(5.2.12) for the resolvent of the generator, which seems to be unavailable in general case, and this, in turn,
allows other representation results that are discussed below. Also, what is possibly the most important fact,
in nonreflexive spaces Theorem 5.9 refers to a substantially different class of phenomena because, as we show
in the next chapter, in many cases covered by this theorem the generator does not coincide with the closure
of A+ B. Arguments used in the proof of Theorem 5.9 are very powerful and can be generalized in many
ways. Theorem 5.9 is most often used in L;-setting, where it can be significantly simplified:

Corollary 5.12. Let X = L1({2) and suppose that the operators A and B salisfy

1. (A, D(A)) generates a substochastic semigroup {G 4(t) }+>0;

2. D(B) D D(A) and Bu >0 foru € D(B)4;

3. for allu € D(A)+
/(Au + Bu)dp < 0. (5.2.17)
I7;

Then the assumptions of Theorem 5.9 are satisfied.

Proof. First, assumption (5.2.17) gives us assumption (A4), that is, dissipativity on the positive cone. Next,
let us take u = R(\, A)z = (A — A)~lz for € X, so that u € D(A),. Because R(\, A) is a surjection
from X onto D(A), by

(A+ Blu= (A4 B)R(A\,A)x = —x + BR(\, A)x + AR(\, A)z,

we have

—/xdu+/BR()\,A)xdu+>\/R(/\,A):z:du <0. (5.2.18)
o) 2 2

Rewriting the above in terms of the norm, we obtain
AR(A, A)z|| + [BROA, A)z|| — [lzf] <0, = e Xy, (5.2.19)

from which ||BR(A, A)|| < 1; that is, assumption (A2) is satisfied. O

3 Substochastic semigroups and generator identification

The identification of K is a much more difficult task and is related to both honesty of the semigroup and to
the existence of multiple solutions. Let us consider the general equation in X = L (2, du).

Ou=Au+ Bu,  u(0) =u, (5.3.20)

where A and B are some differential, integral or other expressions acting of functions from, respectively,
D(A),D(B) C X. Typically we assume that D(B) D D(A). In our applications, A describes loss of particles
while B describes their gain and thus A and B have ‘opposite’ signs. We are looking for a realization K of
A + B which generates a semigroup.

First we note that the pair of expressions A and B in a natural way defines two operators: the minimal
operator Kuyin = A+ B, where A = A|p(a), B = B|p(a) and
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D(Kpnin) = D(A) ={u e X; Au € X},
and the mazimal operator Kyna.x = A+ B defined on
D(Kpnax) ={u e X; Au+ Bu e X},

where the evaluation of A and B is understood in the sense of (2.1.1). The difference between these two
operators is that in the minimal operator both summands Au and Bu must belong to X but in the maximal
operator the summands are supposed to be defined just a.e. on {2 and only their sum is required to belong
to X. In general, D(K,in) = D(A) & D(Knax) as there may be cancellation of singularities in Au and Bu
due to their opposite signs.

3.1 Why D(K) is related to honesty

In the discussed context it can be proved that the generator K of the semigroup associated with the problem
(5.3.20) satisfies Kpin C K C Kpax. Where K is situated on this scale determines the well-posedness of the
problem. To explain why honesty of {G k (t)}+>0 should be determined by this, let us suppose for simplicity
that the model is formally conservative; that is, for sufficiently regular u, say u € D(A),

/(A—FB)udu = /Au-i— /Budu(}. (5.3.21)

2 (0] 2

If A generates a substochastic semigroup and B is positive, then by Corollary 5.12; there is an extension K
of A+ B generating a semigroup of contractions, say {Gk (t)}i>0.

Assume now that the semigroup {Gk (¢)}:>0 is generated by K = Kyin = A+ B on D(K) = D(A). Then
the solution u(t) = Gk (t)ug, emanating from ug € D(K), satisfies u(t) € D(A) and, therefore, because

d

Jru(t) = Ku(t) = Au(t) + Bu(t),

we obtain that for any ¢t > 0

d du(t
£||u(t)H = / Q;(t )dp = /(Au(t) + Bu(t))du =0, (5.3.22)
17} 17}
so that ||u(t)|| = |luo|| for any ¢ > 0 and the solutions are indeed conservative. If K = A + B, then the same

result can be obtained by limit argument so that the solutions are conservative as well. That K = A+ B is
also the necessary condition is not that clear but can be proved, see Theorem 5.16.

3.2 Substochastic semigroups

To make the above considerations precise and general, let us recall that a semigroup {G(t)};>¢ is said to
be a substochastic semigroup if for any t > 0 and f > 0, G(t)f > 0 and ||G(t)f]| < ||f|, and a stochastic
semigroup if additionally ||G(t)f]| = || f]| for f € X;. We consider linear operators in X = L1 (§2,dp): A and
B, that satisfy the assumptions of Corollary 5.12: (A, D(A)) generates a substochastic semigroup {Ga(t)}+>o0,
D(B) D D(A) and Bu > 0 for u € D(B)4 and for all u € D(A)4,

/(Au + Bu)dp = —c(u) <0, (5.3.23)
Q
where ¢ is a positive functional on a domain D D D(A). We assume that ¢ has a monotone convergence

property: c¢(u,) — ¢, for u, 1 u, then u € D and ¢, = ¢(u). For instance, ¢ may be an integral functional of
the form
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c(f) =/f(w) dyty, (5.3.24)
2

where p/ is a measure which can be even concentrated on a subsets of 2 of lower dimension. We note that
a more general version of this assumption is considered in [9, 50].

Under these assumptions, Corollary 5.12, Theorem 5.9, and other results of the previous chapter, give the
existence of a smallest substochastic semigroup {Gk(t)}i>0 generated by an extension K of the operator
A + B. This semigroup, for arbitrary f € D(K) and ¢ > 0, satisfies

%GK(t) f=KGg(t)f (5.3.25)

It is important to distinguish the class of semigroups corresponding to ¢ # 0, as such semigroups cannot be
stochastic but their substochasticity is built into the model and not caused by the dishonesty of it.

Definition 5.13. A positive semigroup {Gk (t)}+>0 generated by an extension K of the operator A+ B is
said to be strictly substochastic if (5.5.28) holds with ¢ # 0. The semigroup {Gg (t)}¢>0 is honest if ¢ extends
to D(K) and for any 0 < f € D(K) the solution u(t) = Gk (t)f of (5.3.25) satisfies

d d

7 | v dp = —llu®)] = —c(u(t)). (5.3.26)
]

It can be proved that (5.3.26) is equivalent to its ’integrated’ version: {Gk (t) }:+>0 is honest if and only if for
any fe€ X, and t >0,

t
G ®f = 171~ | [ Gro)fds |. (5.3.27)
0
This result allows for the introduction of the defect function
t
n0(0) = |Gk @11~ 171+ [ ¢(Gr(s)r)ds (5.3.28)
0

for f € X4 and t > 0. It follows that 71y is a nonpositive and nonincreasing function for ¢ > 0. Arguing as in
(5.2.19) we obtain that condition (5.3.23) is equivalent to

—e(Laf) = MRS AV + IBRO, A - Ifl, [ € Xy (5.3.29)
The following theorem is fundamental for characterizing the generator of the semigroup.

Theorem 5.14. For any fized A > 0, there is 0 < B\ € X* with ||BA|| < 1 such that for any f € X4,
MEBX Kl = 1fll= <Ba, f> —c (RN, K) f) (5.3.30)
and ¢ extends to a nonnegative continuous linear functional on D(K).

Proof. Let us fix f € X;. From (5.2.12) and nonnegativity we obtain
1 . 3
ML = K)7 fll = lim 50 A[[Ly(BLx)" f]-
—00 =0

By (5.3.29) we get
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N N
3 AILA(BL)" Il = £ = I(BLx)Y 1] ~ e (EOLMBLA)"f) .
By non-negativity, the monotone convergence theorem gives

lim C< > L)\(BL,\)nf> = C(R()\,K)f) < 400.

N —oc0 =0

This shows that ¢ extends to a finite functional on D(K), which is continuous in the graph topology. Similarly,
|(BLA)N*Lf|| converges to some By(f) > 0 and, by a similar argument, 8 extends to a continuous linear
functional on X with the norm not exceeding 1. O

By taking the Laplace transform of 1y, we obtain

<Bx, f>= —)\/e_Atnf(t)dt
0

for f € X4 and hence the following result is true
Theorem 5.15. {Gk (t)}+>0 is honest if and only if Bx =0 for A > 0.
A central result on the characterization of honesty is:

Theorem 5.16. [8] The semigroup {G i (t)}1>0 is honest if and only if one of the following holds:
(o) K=A+ B.
(b) [ Kudp > —c(u), ue D(K)y.

2

Proof. (a) implies honesty as in (5.3.22) and considerations below it — properties of the functional ¢ allow
for passing to the limit. Conversely, if {G k (t)}+>0 is honest, then 5y = 0 for any A > 0, which means, by
the proof of Theorem 5.8, that lim,,_,o.(BLx)™f = 0. Hence the series in (5.2.12) converges to R(A, T + B).

If {Gk(t)}i>0 is honest, then the part (a) gives (b) with the equality sign. Conversely, for u = R(\, K)f,
f € X4, we have

/ Kudp = —[|f] + AR K) | = —c(u)— <Br, f>,
0N

which implies <@y, f>< 0 for all f € X, thus 8, =0. O

Unfortunately, typically we do not know K and thus condition (b) has a limited practical value. There are
two important theorems providing conditions for honesty and dishonesty in terms of known operators. The
first is based on Theorem 5.1 which, combined with Theorem 5.16, shows that {Gk (¢)}:>0 is honest if and
only if 1 ¢ 0,((BR(), A)*). In particular, using the definition of 5y, we see that

<Bx, BRI\, T)f>= nan;o I(BRO\, T)" L f|| =<B, [>,

f € X4, so that
(BR(A,T))"Bx = B (5.3.31)

The other set of results is based on the fact that we know at least one extension of the generator K, namely
Koz Let K be any extension of K.

Theorem 5.17. [8] (a) If [, Kudp > —c(u) for allu € D(K)y, then {Gk(t)}i>0 is honest.
() {Gk(t)}+>0 is not honest if there is u € D(K)y+ N X and A >0

(i) Au(z) — [Kul(z) = g(x) 2 0, a.e.,

(i) c(u) is finite and

/ICu dp < —c(u). (5.3.32)
7
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Proof. The statement (a) is obvious from Theorem 5.16(b) as IC contains K. In practice, however, we are
interested to use the smallest possible extension since taking a too large one could spoil the inequality.
Similarly, (b) uses Theorem 5.16(b) but here the function u € D(K), satisfying (5.3.32) may fail to belong
to D(K); the other two conditions allow one to prove that there is an element of D(K) satisfying (5.3.32),
thus proving dishonesty of {G g (t)}¢>0. O

3.3 Extension techniques

For further reference we briefly sketch a particularly effective extension technique, originally introduced in
[7]. We embed X = L1 ({2, du) in the set of p-measurable functions that are defined on {2 and take values in
the extended set of real numbers, denoted by E; by E; we denote the subspace of E consisting of functions
that are finite a. e. E is a lattice with respect to the usual relation: ‘< a. ¢’, X C Ey C E with X and E;
being sublattices of E.

Let F C E be defined by the condition: f € F if and only if for any nonnegative and nondecreasing sequence
(fn)nen satisfying sup,,cy fn = | f| we have sup,cn(I — A) ' f,, € X. We define mapping L : F.. — X by

Lf :=sup R(1, A) fn, feFy,
neN

where 0 < f,, < fnq1 for any n € N, and sup,,cy fn = f and extend it to a positive linear operator on the
whole F, Theorem 4.7.

In most applications (I — A)~! is an integral (or even multiplication) operator with a positive kernel so that,
by monotone convergence theorem, F is the set of measurable functions for which the integral exists and is
a function in L1 (§2). In the same way we define B on D(B). It turns out that L is one-to-one therefore we
can define the operator T with D(A) = LF C X by

Au=u— L u, (5.3.33)

so that A is an extension of A. The central theorem of this paragraph reads:

Theorem 5.18. If (A, D(A)) and (B, D(B)) are operators in X such that (A, D(A)) generates a substochas-
tic semigroup {Ga(t)}+>0 on X, D(B) D D(A), Bu >0 for u € D(B)4, and

/(Au + Bu)dp <0, (5.3.34)
Q

for all uw € D(A)4, then the extension K of A+ B, that generates the smallest substochastic semigroup on
X described by Corollary 5.12, is given by

Ku = Au + Bu, (5.3.35)
D(K)={ue D(A)ND(B): Au+Bu € X, and lim [|(LB)"ul|| = 0}.
n—-+o0o

This notion allows to give a more focused version of Theorem 5.17(a).
Theorem 5.19. If for any g € F such that —g + BLg € X and ¢(Lg) exists,

/Lg dup + / (=g +BLg) du > —c(Lg), (5.3.36)
2 2

then K = A+ B.



5 Applications to birth-and-death type problems 67

Remark 5.20. It makes sense to consider ‘pointwise in space’ honesty and say that {Gg(t)}i>0 is honest
along the trajectory {Gk(t)f}i>o0 if (5.3.27) holds for this particular f and for all t > 0. Accordingly,
such a trajectory is called an honest trajectory. Thus {Gk (t)}i>0 is honest if and only if each trajectory
{Gk(t)f}i>0 is honest. Moreover, honesty can also be considered to be a ‘pointwise in time’ phenomenon.
Indeed, if u(to) € D(T + B) for some to > 0 then, as by (5.3.22) and limiting argument

d

—lull] = —c(u(to)),

dt t=to
and therefore we can say that the trajectory {Gi(t)f}i>o is honest over a time interval I if and only if
Gr(t)f e D(T+ B) fortel.

In general, our theory cannot determine, in general, whether a given system {Gg(t)}+>0 can be dishonest
along some trajectories and honest along the others. Using specific properties of birth-and-death and frag-
mentation models, however, we can show that, in these models, if dishonesty occurs along one trajectory, it
must occur along any other; see Theorem 5.24. Recently, [50], such a universality of dishonesty was related
to irreducibility of BR(A, A).

Unfortunately, much less can be said about how dishonest trajectories behave in time. One of the reasons
for this is that our theory is based on the Laplace transform which gives, in some sense, time averages of
solutions which provide little information about the properties which are local in time.

4 Summary of what can go wrong between building a model and their analysis

We have seen that the generator K satisfies K, C K C Kpax. The following situations are possible

Kuin = K = Knax,
Kuin @ K = Knin = Kuax,
Kuin = K & Kmax,
Kuin & K = Kuin & Knax,
Kuin & K & Kax,

A

and each of them has its own specific interpretation in the model.

In all cases where K & Kp,,x we don’t have uniqueness; that is, there are differentiable X-valued solutions
to (5.3.20) emanating from zero and therefore they are not described by the constructed dynamical system:
‘there is more to life, than meets the semigroup’ [14]. To achieve uniqueness here, one has to impose additional
constraints on the solution.

If Knin & K, then despite the fact that the model is formally conservative, (5.3.21), the solutions are not;
the described quantity leaks out from the system and the mechanism of this leakage is not present in the
model. In Markov processes such a case is called dishonesty of the transition function, [?].

Finally, the condition u(t) € D(A) for any t ensures that only a finite number of state changes can happen
in the system in any finite time interval.

Therefore, strictly speaking, only problems with K = K;, = Kpax are physically realistic. However, in
many applications, the case K = Ky = Kpax 1S considered to be acceptable.

5 Applications to birth-and-death type problems

Recall that we consider with the system
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Ug = —QoUp + dlul,

Uy, = —Aply + dn+1un+1 + bn—lun—ly n>1,
s (5.5.37)

we included a mechanism of production or annihilation with the rate ¢ = (¢, )nen and ¢, = by, + dy, — ay.

5.1 Existence Results

In what follows the boldface letters denote sequences, e.g. u = (ug,uy,...). We assume that the sequences
d, b, and a are nonnegative with b_; = dy = 0.

By K we denote the matrix of coefficients of the right-hand side of (5.5.37) and, without causing any
misunderstanding, the formal operator in the space [ of all sequences, acting as

(Ku)n - bn—lun—l — apUy + dn-‘rlun-i-l-
In the same way, we define A and B as (Au),, = —a,u, and (Bu),, = b,—1un—1 + dpt1tn11, respectively.
By K we denote the maximal realization of K in [1; that is,

Ku = Ku,
DK)={uel;; KLueli}. (5.5.38)

It is easy to check that the maximal operator K is closed. Next, define the operator A by restricting A to

D(A)={uel; Auecli} ={ucl; 3 aplu,| < +oo}.

n=0

Again, it is standard that (A, D(A)) generates a semigroup of contractions in /. The situation in Iy is
completely different.

Corollary 5.21. Assume that sequences b and d are nonnegative and
an > (b +dy). (5.5.39)

Then there is an estension K of the operator (A+ B, D(A)), where B = B|pa), which generates a positive
semigroup of contractions in ly.

Proof. Using the definition of D(A) we see, from (5.5.39), that 0 < b, < a,, and 0 < d,, < a, for n € N.
Hence, A is well defined and (5.3.23) takes the form

((A + B)u)n = - Z Anly + Z by, + Z dpuy < 0,
0 n=0 n=0 n=0

18

n

where we used the convention b_1 =dyg =0. O

As an immediate consequence of Theorem 5.18 we get

Theorem 5.22.
KcKk.

In the following two subsections we assume that the system (5.5.37) is formally conservative: a,, = b, + ¢,
n > 0.
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5.2 Birth-and-death problem — honesty results

We now find whether the constructed semigroup is honest (conservative) or dishonest by means of the
extension techniques of Subsection 3.3. In this case Ey = m (the set of all bounded sequences) and

= (5554
C\1+by+dn /ey

on F={uem; Lueli}, Au= ((bp + dn)un),y on D(A) = LF, and similarly for the other operators and
spaces introduced in Subsection 3.3.

Recall that by K we denoted the matrix of coefficients and, at the same time, the formal operator acting on
m given by multiplication by K. It is easy to see that the maximal operator K (see (5.5.38)) is precisely

K=K=A+B. (5.5.40)

Note too that here, for u € D(K), the integral |, o, Kudp which plays an essential role in a number of theorems
(e.g., Theorems 5.16 and 5.17), is given by

n—-+oo

S (=(bp +dp)tpn +bp—1tpn_1 + dpt1Unt1) = lim (=bpty + dny1tng), (5.5.41)
n=0

where the limit exists as u € D(K) yields the convergence of the series.

In the theorems concerning honesty and maximality we assume, to avoid technicalities, that b,, > 0 forn > 0
and d,, > 0 for n > 1.

Theorem 5.23. K = A+ B if and only if

S— (T2 ] =+ (5.5.42)
n=0 bn 1=0 1 bn+j

Proof. To prove honesty, we use Theorem 5.19. Thus, by (5.5.41) it suffices to prove that for any u € D(K) 4

lim (—=bpup + dpt1tnt1) > 0,

n—-+4oo

where we know that the sequence above converges. If we assume the contrary, that for some 0 < u € D(K)
the limit in (5.5.41) is negative, then there exists b > 0 such that

_bnun + dn+1un+1 < —b (5543)

for all n > ng with large enough ny. Using (5.5.43) as a recurrence we get

)
o0 dn+j

u>£
nibn

=05 bn-i-j

and, if the assumption (5.5.42) is satisfied, we obtain Y~ ju, = 400 which contradicts the assumption of
the summability of (uy,)nen-

The proof of necessity is an application of Theorem 5.17. We define

b b = L ds
=g 1 (zm)

i—o dit1

and show that (un)nen is summable by (5.5.42) and satisfies
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b= —byu, + dn+1un+17 n>0

so that assumption (ii) of Theorem 5.17 is satisfied. By construction, Au + Bu € 1, so that u € D(K). We
must show that g = u — (Au 4 Bu) > 0. By direct calculations, we obtain gg = ug + boug — d1u; = ug + b
and for n > 0,

Jn = Un + bty + dptly — bp_1Up—1 — dn+1un+1 = Unp,

so that 0 < g € [3. Hence assumption (i) of Theorem 5.17 is satisfied. O

5.3 Universality of Dishonesty

Theorem 5.24. If {Gk (t)}i>0 is dishonest, then for each ug € X4 there is tog > 0 such that |Gk (t)ug| <
lluol| for all t > to.

Proof. By Theorem 5.15, {Gk (t)}+>0 is dishonest if and only if the functional 55, defined in Theorem 5.8,
is not identically zero. The defect function along the trajectory originating at ug, which in our case is given
by N, (t) = |Gk (t)ugl] — ||uol], is related to Sy by

oo

_ 1
/e M (B)dt = Y <Bxr,ug> .
0
Clearly, \ is inessential. Putting 8y = 8 = (Bn)nen with 3, > 0, we see that for universality of dishonesty

we must have 3, > 0 for any n > 0. On the other hand, by (5.3.31), S\ is an eigenvector of (BR(A, A))*.
Any eigenvector (¢, )nen satisfies

bo d
1+b0¢1 = ¢,

n bn
¢n71 +

]-+bn+dn 1+bn+dn¢n+1:¢n7"'a

and, because by/(1 + by) < 1, we have ¢ > ¢g. Rearranging the terms in the nth equation,
1 dy,
¢n+1 =(1+— ¢n+*(¢n_¢n71)'
b, b,

Hence ¢n4+1 > ¢, whenever ¢, > ¢,—1 we end the proof by induction. O

5.4 Maximality of the Generator

Let us recall that the relation between the generator K and its extensions K and K is given in (5.5.40). In
particular, K is the maximal operator.

Lemma 5.25. If {Gk(t)}i>0 is a substochastic semigroup generated by K and for some 0 <h € D(K),

/ Khdp > 0, (5.5.44)
(7]

then K # K; that is, the generator is not mazimal.

Conversely, assume that K has the property that any if 0 # u € [ solves the formal solution to Ku = Au, A > 0,
satisfies u >0 oru < 0. If

/ Khdy = 0, (5.5.45)
2

for any 0 < h € D(K), then K= K; that is, the generator is the maximal operator.
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Proof. It follows that if h € D(K), then [, Khdy = 0. Because K C K, (5.5.44) shows that h ¢ D(K).

If K # K then, by Corollary 3.13, we have N(A — K),. # (. Because the problem is linear, then the
assumption ascertains the existence of 0 # h € N(A — K) and for such an h

Khdp = A | hdu # 0, (5.5.46)
b= [

Q Q
contradicting (5.5.45). O

To be able to use this result, we have the following lemma.

Lemma 5.26. Let A > 0 be fized. Any solution to

)\'LL(J = —apugp + dlul, (5547)

Ay = —ApUp + bp_1Up_1 + dn+1un+1; n>1,

18 either nonnegative or nonpositive.

On the basis of the above lemma we obtain:

Theorem 5.27. K # K if and only if

: (f H Z:) < +oo0. (5.5.48)

Proof. By Lemma 5.26 and Proposition 5.25, K # K if and only if for each 0 < (u,)nen € 11, such that
(*(bn + dn)un +bn_1Un_1 + dn+1un+ln)neN € Iy, we have

I = Z (—(bn + dn)un + by 1Up_1 + dn+1un+1) > 0.
n=0

and, similarly to the proof of Theorem 5.23 and (5.5.43), we need to investigate the behaviour of the sequence
(rn)nen defined as

T = —bplp + dpyitnrr, n >0, (5.5.49)
or, solving for u,,, for n > 1,
1 n=l [t b —j ugbg nt b;
wn= 25 T B b (5.5.50)
dn =0 j=1 dnfj dn 11;[1 dj

If K # K, then there is a nonnegative (uy,)nen € 11 for which I = lim,_, r, > 0 and, by some algebra, it is
enough to consider a nonnegative sequence (u,)nen € D(K) with the associated sequence (ry,),en satisfying
inf,enr, =7 > 0. Then it can be proved that the series in (5.5.48) is convergent.

To prove the converse, define u,, by (5.5.49) with arbitrary (r,),en converging to I > 0 (e.g., we may take
rp, = r for all n for a constant positive 7). By (5.5.48) (un)nen € l1, so that (un)nen € D(K) and because
I > 0, the thesis follows by (5.5.44). O
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5.5 Examples

We provide a few examples showing that all possible cases of relations between the generator and maximal
and minimal operators can be realized.

Proposition 5.28. If both sequences (b;, )nen, (dy )nen € U1, then K = A+ B = K. In particular, this is
true for the standard birth-and-death problem of population theory where the coefficients are affine functions
of n.

Proof. Expanding (5.5.48) we get, for a fixed n,

1 bn—1 bp—1...b1
— (1 e ) >
dn< +dn,1+ +dn1...d1>_

Similarly, expanding (5.5.42), we get

1 dp+1 1

— (1 e > -

bn < * bn+1 +> o bn
which gives divergence of both series. 0O

The proofs of the following results are obtained in a similar way.

Proposition 5.29. a) If (d;'),en € 1 and lim, o by /d, = q < 1, then K = A+ B # K.

b) If the sequence (dy,)nen is of polynomial growth: d,, = O(n”) for some B as n — oo, (b
lim, oo bp/d, =q > 1, then A+ BG K =K.

¢) There are sequences (bp)nen and (dp)nen for which A+ B ¢ K ¢ K.

Ypen € 11 and

To prove c) it suffices to take b, = 2-3" and d,, = 3".
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6 Fragmentation equation

Recall that we deal with the equation

oo

Ou(z,t) = —a(z)u(z,t) + /a(y)b(x|y)u(y,t)dy (5.6.51)

x

where x € Ry := (0, 00) is the size of the particles/clusters. Here w is the density of particles of mass/size z,
a is the fragmentation rate and b describes the distribution of masses x of particles spawned by a particle of
mass y.

The fragmentation rate a is assumed to satisfy

0 < a € Lu,i0:(]0, 00]), (5.6.52)
that is, we allow a to be unbounded as x — oo and z — 0. Further, b > 0 is a measurable function satisfying
b(z|y) =0 for > y and (2.2.32).

The expected number of particles resulting from a fragmentation of a size y parent, denoted by ng(y), is
assumed to satisfy
no(y) < +o0 (5.6.53)

for any fixed y € R;..

In fragmentation and coagulation problems, two spaces are most often used due to their physical relevance.
In the space Li(Ry,zdz) the norm of a nonnegative element u, given by fooo u(x)xdx, represents the total
mass of the system, whereas the norm of a nonnegative element « in the space Ly (R4, dz), fooo u(x)dzx, gives
the total number of particles in the system.

We use the scale of spaces with finite higher moments
Xm = L1(Ry,dz) N Li(Ry, 2™dx) = L1 (Ry, (1 + 2™)dx), (5.6.54)

where m € M := [1,00). We extend this definition to Xg = L1(R;). We note that, due to the continuous
injection X, — X3, m > 1, any solution in X,, is also a solution in the basic space X;.

Thus, we denote by || - ||, the natural norm in X,, defined in (5.6.54). To shorten notation, we define

W (z) =14+ 2™,

Multiple solutions. It also has been observed in several papers that for some classes of coefficients there
exist multiple solutions to (2.2.30). For instance, for

oo
Ou(z,t) = —zu(z,t) + Z/U(y,t)dy, (5.6.55)
it is easy to see that
up(z,t) = eit
1Ly - (1 + 1’)3,
and
1

—axt

us(x,t) =e

E +/ (1_:x)3[2t+t2(y—x)]dy

x

1+«

are both solutions to (2.2.30) with
u(z,0) = (1 4+ )73
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An apparent remedy seems to be offered by an observation that the latter solution is mass-conserving,
whereas the former is clearly not and therefore should be ruled out from the considerations as a non-physical
one.

Dishonesty. In the context of fragmentation, dishonesty is termed ‘shattering’ and interpreted as acceler-
ating fragmentation of small particles leading to the creation of a ‘dust’ of particles of zero mass which do
not contribute to the total mass of the ensemble. For example, [17], for a binary fragmentation model with
b(x|y) = 2/y and the fragmentation rate a(x) = 1/z,

Opu(z,t) = —z tu(w,t) + 2/y72u(y,t)dt, (5.6.56)

x

one can show that for mono-disperse initial condition u(z,0) = §(x — 1), I > 0 with unit total mass, the
solution is given by

2t 2 /1 1
_ —t/l
w(xz,t) = et <5(ml)+l2l2<lx>>, x <lI, (5.6.57)
and u;(z,t) = 0 for & > [. Direct calculation shows that the total mass of the ensemble at time ¢ is given by
t2
M(t) =e /! (l +t+ 2l) , (5.6.58)

and clearly decreases monotonically in time. However, the mono-disperse initial condition is given by the
Dirac measure and so is outside the scope of the general L, theory. Moreover, since we know that many
fragmentation equations admit multiple solutions, it is not immediately clear whether the explicit solutions
given by (5.6.57) is related to {G k (t) }+>0. Here we can use the theory on maximality of the generator, which
will be discussed below.

To remedy the first problem, we use the solution for the mono-disperse initial condition to construct a
solution solutions with initial data f € L;(R4,zdz). Since the problem is linear, formally this can be done
using (5.6.57) as the source function in the integral

oo

u(z,t) = /ul(x,t)f(l)dl

T

T ot/ T ot/
- e—t/wf(x)+2t/el; f(l)dl+t2/ el: (i - ;) L. (5.6.59)

As we shall see, if f ¢ — u(-,t) is an L1 (R4, xdx)-valued continuous function, which satisfies the integral
version of (5.6.56):

u(z,t) = f(x) —:r_l/u(;v,s)ds+2//y_2u(y,s)dyds (5.6.60)
0 0 =z

for almost all z € [0,00) and all t > 0, where f € L(Ry,zdz), then u(z,t) = [Gk(t) f](z).

The solution satisfies the mass equation

M(t) = 7et/lf(1) (z +t+ Z) dl. (5.6.61)
0

or

dM 12 7 et/
W:‘E/f@ Al
0

which shows that for any initial condition, the mass of the ensemble is strictly decreasing for any .
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6.1 Well-posedness Results

To employ the theory introduced in Section 3.3, let A and B denote the expressions appearing on the
right-hand side of the equation in (5.6.51); that is,

[Au](z) = —a(z)u(z)

and
o0

[Bqu)=y/a@DMxWM4wd%

defined on all measurable and finite almost everywhere functions u for which they make pointwise (almost
everywhere) sense.

With these expressions we associate operators A and B in X defined by
[Au](z) = [Au](z),  [Bul(z) = [Bu](x)
and both defined on
D(A)={ue X; aue X}.
Indeed, direct integration shows that BD(A) C X so that (A + B, D(A)) is a well-defined operator.

Thus, without any misunderstanding, the expressions A and B can be identified with the operator extensions
defined in Section 3.3 where Ef is the set of all measurable and almost everywhere finite functions on R.

We can now state the following theorem.

Theorem 5.30. Under the assumptions of this section, there is an extension K of A+ B that generates a
positive semigroup of contractions {G (t)}i>0 on X.

Proof. Tt is obvious that (A4, D(A)) generates a positive semigroup of contractions and (B, D(B)) is positive.
Moreover, for u € D(A) we immediately have, by (2.2.32),

[ ettty + [ awptalyuty iy | ado
0 T
= —/a(x)u(x,t)a:dx+/x /a(y)b(a:\y)u(y,t)dy dx
0 0 T
= —/a(m)u(x,t)a:dm—i—/a(y)u(y,t) /b(m|y)xdm dy
0 0 0
= —/a(z)u(x,t)zdx+/a(y)u(y,t)ydy:O. (5.6.62)
0 0

Thus, we see that we can use Corollary 5.12 to ascertain that there is an extension K of A + B generating
a substochastic semigroup {Gk (t)}¢>0. O

6.2 Honesty

To continue, we turn to the theory of extensions (Section 3.3). First, we observe that the operator L is defined
by
Lfl(z) = 1+ a(x)) "' f (),
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and therefore the operator A defined through Eq. (5.3.33) is given here by

[Au](z) = u(@) — [L™u)(2) = a(z)u(z),

with the domain D(A) = X. Hence A C A. Because B is an integral operator with positive kernel, Lebesgue’s
monotone convergence theorem yields that B = B. Now we provide a fairly general condition for honesty of
{Gr(t)}ezo.

Theorem 5.31. If
lim sup a(z) < +oo, (5.6.63)

z—0t

then {Gk (t)}i>0 is honest.

Proof. We use Theorem 5.19. Because ¢ is the zero functional by (5.6.62), we have to prove that for any
f € F4 such that —f + BLf € X the following inequality holds,

oo

/ ILf](z)zdz + / + [BLf]()) 2dz > 0. (5.6.64)

0

We simplify (5.6.64) by defining g(x) = [Lf](z) = (1+a(z))" ! f(z) € X+ and inserting it into the inequality.
Hence, we obtain that (5.6.64) holds if for any g € X such that —ag + Bg € X we have the inequality

/ + [Bg|(x)) wdz > 0. (5.6.65)
0

By (5.6.63), the function ag satisfies ag € L1([0, R], zdz) for any 0 < R < +o0, therefore the same is true
for Bg. We observed earlier that B is given by the integral expression B, hence

%) R

[ Ca@ygta) + Bol@)zde = Jim_ [ (~a(e)g(a) + [Bg)(w) ado
' R R ooO

— i~ [a@g@pado+ [ | [ atwbislngwdy | ads

0 0 x

Next, by (2.2.32),

where

Combining, we see that

+ [Bg|(z)) xdx = ngn Sr>0 (5.6.66)

so that Theorems 5.19 and 5.16 give the thesis. O
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6.3 Nonuniqueness

In this section we provide a complete description of the dynamics of the fragmentation equation; that is, we
give necessary and sufficient conditions for honesty and for the nonexistence of multiple solutions in the case

when
baly) = 527

fﬂ(s)sds.

0

We start by determining under which conditions the generator K of {G i (t) }+>¢ is the maximal operator. By
Section 2, this is equivalent to the fact that all the X-valued solutions are given by the semigroup {Gx (t)}+>0
so that there are no multiple solutions.

Let us recall that the maximal operator K,,x was defined by

oo

Kt (&) i= [Au) + [Bu) () = ~a(e)ue) + [ al)aly)ulu)dy (5.6.67)

T

on the domain
Dyax = {u € X; x — [Au](z) + [Bu](z) € X}. (5.6.68)

Note that this definition implicitly requires y — a(y)b(x|y)u(y) to be Lebesgue integrable on [¢, c0) for any
¢ > 0 and almost every x > 0. We need the following lemma.

Lemma 5.32. Let a > 0 and f be integrable on compact subsets of (0,00) and monotonic close to 0. If
lim,_,g+ f(x) = 400, then f'e=*/ € Ly([0,7]) for some r > 0.

Theorem 5.33. Let B(z) := b(z|z)/(1 + a(x)). Then K # Kuax if and only if
B(z) € Ly([N,0)) (5.6.69)

and
zf(x) ¢ Li([N,0)) (5.6.70)

for some N > 0.

Proof. Because K is dissipative, its spectrum is contained in the negative complex half-plane. Thus, by the
results of Section 2, K # Kax if and only if there are solutions in X of the eigenvalue problem

o0

Nu(z) + a()u(z) — / a(y)b(zly)uly)dy = O, (5.6.71)

xT

for A > 0. Assume that there exists u € Doy satisfying (5.6.71). Denoting U(z) = u(x)/B(x) we transform
(5.6.71) into

o0

(A+a(2))U(z) — /a(y)b(yly)U(y)dy =0. (5.6.72)

x

Changing the dependent variable according to Z(x) = f;oa(y)b(y\y)U(y)dy, we observe, from the definition
of the maximal operator (5.6.67), that the integrand is integrable over any interval [e, 00) so that the integral
is absolutely continuous at each x > 0 and we can thus differentiate, converting (5.6.72) into the differential
equation

Z"  a(x)b(z|x)

7= el (5.6.73)

with the solution
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Z(x) = Cexp (— / a(s)b?s)ds) , (5.6.74)
1

/ b(@) [ b(sls)
=¢ z exp | A ds
(\+a(e) [ 55(s)ds / X+ a(s)
¢ 2\ +a(@) P A/Ajta(s)d ’ (5.6.75)

where C’ is a constant and where we used

/wb(5|5)d5:/xSB(S)dSZIH/tﬁ(t)dt—&-C",
1 1

for some constant C”.

Note that all properties of u are independent of A as long as it is positive; thus, in what follows, we put
A = 1. Dropping unimportant constant C’, we have to investigate the integrability of

u(z) = zu(z) = B(z) exp /B(s)ds ) (5.6.76)

close to 0 and for large x. Let us start with integrability in a neighbourhood of 0. Then we can assume that

x < 1 so that
1

tu(x) = B(z)exp f/B(s)ds ,
with positive integral. If B(z) € L1(]0,1]), then @ € L1(]0, 1]) too, because the exponent is smaller than 1.

Conversely, if B(x) ¢ L1([0,1]), then f(x) = le B(s)ds diverges monotonically to +o0o as z — 0" so that
we can apply Lemma 5.32 to see again that @ € L;([0,1]). Let us now consider integrability for large x.
If B¢ Li([N,00)), then @ ¢ Li([N,00)) too, because the exponential factor in (5.6.76) is greater than 1.
Conversely, if B € L1([N, 00)), then

(z) < B(x)exp /B(s)ds € Li([N,00)).
1
Hence, for K # Ky it is necessary that B(z) be integrable at infinity.

However, at this moment we do not know whether u, defined by (5.6.75), is a solution to (5.6.71). To this
end we have



6 Fragmentation equation 79

[ atwstalipatidy = (o) [ GG exp - [ S ) g
T x 1
= —B(z) |exp| - / ak(slba?f) ds = (A + a(z))u(z)
~ B(x) lim exp / “A(ﬂbé‘zs)ds . (5.6.77)

Thus, u is a solution to (5.6.71) (with A = 1) if and only if

Transforming the integral, as in (5.6.75), we get

jﬁfﬁjw:]%@@—/B@@

1

x

_ ln/sﬁ(s)ds—ln/lsﬁ(s)ds—/B(s)ds,

0 1

x

and, because the last integral tends to a finite limit as * — oo, we must have fooos,ﬁ’(s)ds =o00. O

Ezample 5.34. As an example, let us consider the case of arbitrary fragmentation rate a(z) satisfying the
condition that both (possibly infinite) limits lim,_ o 0a(z) = loo,0, respectively, exist and let b(z|y) =
(v+2)z¥ /y*T. In this case 8(x) = 2” with v > —2 so that [ sB(s)ds = co and (5.6.70) is always satisfied.
Moreover, because b(z|z) = (v + 2)/x, we can restate Theorem 5.33 by saying that K # Kyax if and only if

(v, 0. (5.6.78)

za(x)
Summarizing, we have the following equivalent conditions.

K = Kpay if and only if 1/za(z) ¢ Li([N,00)), 0< N < +oo
K = K if and only if 1/za(x) ¢ L1(][0, d]), 0<d < o0. (5.6.79)

Note that Theorem 5.31 ensures the conservativity (honesty) of {Gx (t)}+>0 provided ly < +o0. However,
from the above conditions, it follows that there are fragmentation rates a, infinite at x = 0, for which
the fragmentation semigroup is still conservative. Indeed, consider a(z) ~ —Inx close to 0. Because then
1/za(x) ¢ L1(]0,d]), it follows that in this case the semigroup {Gx (t)}i>0 is still honest.

Remark 5.85. A natural question to be asked is whether the stated result K = A + B can be improved to
K = A+ B. One can prove (see [36]) that in general the answer is negative. To simplify the presentation, we
confine ourselves to the power law case: a(z) = 22, b(z|y) = (v + 2)2”/y**1, v > —2. From Example 5.34
we know that in this case for {Gk(t)}+>0 to be honest it is necessary and sufficient that o > 0. If & = 0,
then the operators A and B are bounded and clearly K = A + B. Hence, we can assume « > 0. In this case
1¢ 0,((BLx)*), that is, 1 ¢ 0,.(BL)) and because from Theorem 5.1(a) it follows that 1 ¢ o,(BLy), we see
that 1 € 0.(BLx) U p(BL)). Hence, by Theorem 5.1(c), to show that K # A + B it suffices to show that
1 ¢ p(BL)) for some A > 0. Let us denote L; = L and consider the equation

fe—=¢BLf¢ =0,  (>0. (5.6.80)
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Denoting u¢(z) = [Lfc](z) = (1 + 2*) " fe(z), we see that u satisfies
u¢(r) + 2%uc(z) — ([Buc](z) = 0,

which is of the same form as Eq. (5.6.71). Hence, using the same approach and formula (5.6.75), we obtain

x
@

fe) = esp| ~cl4 ) [ e = et any e
1
and fo € Li(Ry,zdx) for any ¢ > 1 (remember a > 0,v > —2). To check whether f is the solution to

(5.6.80) we evaluate

oo
a—1

(BL@) = v+ 20" [ oy

x

v . 1 1
— E.Z' <_ yli{lgo (1 + ya)C(V+2)/a + (1 + ma)C(V+2)/a)

1 b 1
= E(l + xa)f(”""m/a = Zf((m)7
as ((v+2) > 0. Thus, we see that for any { > 1, f¢ is an eigenvector of BL corresponding to the eigenvalue
1/¢ and hence (0,1) C o,(BL). Because the spectrum of any operator is closed, we see that the value
1 € o(BL) and, by the previous considerations, 1 € o.(BL) and K # A + B by Theorem 5.1(c).

6.4 Uniqueness of solutions when K # K,ax

When K # Kpax then, as we know, there are multiple solutions to (5.6.51) or, in other words, the semigroup
{GK(t)}1>0 does not capture all the solutions. This shows that (5.6.51), as it stands, does not determine
the whole dynamics of the fragmentation process. A natural question then arises as to what additional
condition should supplement (5.6.51) to ensure the uniqueness of solutions. One can show that for a large
class of coefficients the solutions are unique in the class of positive and mass conserving, that is, physically
reasonable, solutions. In this subsection we prove this statement for two classes of problems: when the
fragmentation rate is bounded at x = 0 and for separable coefficient b with a such that {Gg(t)}i>0 is
honest. It is important to note that {Gk (t)}1>0 is also honest in the first case: for dishonest fragmentation
semigroups, mass is lost from the system at an uncontrolled rate and thus imposing a conservativity condition
does not make any sense.

We also note that for a well-researched case of power law a(z) = z%, conditions (5.6.79) give an alternative:
for av # 0 the process is either honest but has multiple solutions or is dishonest with no multiple solutions. In
this case the results obtained below ensure the uniqueness of solutions: unconditional for « < 0 (K = Kpax)
or subject to the additional requirement of positivity and conservativity of them for o > 0.

Theorem 5.36. Assume that the fragmentation rate satisfies (5.6.63); that is, it is bounded on bounded
intervals of [0,00). If u is a nonnegative function that is integrable on Ry x [0,T], T < oo with respect to
the measure xdxdt, that satisfies

u(z,t) = uo(x) + / (—a(x)u(x, s) + [Bul(x, s)) ds, (5.6.81)
0

where ug € X4, and

u(z, t)xde = | uo(x)xdx (5.6.82)
o]
for any t > 0, then

u(z,t) = [Gr(t)uo](x) (5.6.83)

for any t > 0 and almost any x € [0, 00).
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6.5 Analyticity of the fragmentation operator

Here, additionally, we assume that the fragmentation rate satisfies Further, we assume that there are j €
(0,00), 1 € [0,00) and ag, by € Ry such that for any z € Ry

a(z) < ag(1 + 279, no(z) < bo(1 + ). (5.6.84)

To formulate the main results, we have to introduce more specific assumptions and notation. First we define

y
= /b(m|y)xmdaﬁ
0

for any m € M := {0} UM and y € R. Further, let
No(y) :=no(y) —1 and Ny(y):=y™ —np(y), m>1.

It follows that
No(y) =no(y) —1>0

and
y

y
Np(y) =y™ — /b(m|y)xmda? >y —gymt / b(x|y)zdr =0 (5.6.85)
0 0

for m > 1 with N; = 0.

Next, for m € M, let (Apu)(x) := a(z)u(x) on D(A,,) = {u € X, : au € X, } and let B,, be the restriction
to D(A,,) of the integral expression

oo

(Bu)(x) = / a(y)b(ly)u(y)dy.

T

Theorem 5.37. [21] Let a,b satisfy (2.2.32), (5.6.53) and (5.6.84), and let m be such that m > j +1 if
j+l>landm>14if j+1<1.

a) The closure (Fy,, D(Fy,)) = (—=Am + Bm, D(An)) generates a positive quasi-contractive semigroup, say
{SE,, (t)}i>0, of the type at most 4dagby on X,,. Furthermore, if u € D(F),)4, then

Np(2)a(x)u(z) € Xo, m € M. (5.6.86)
b) If, moreover, for some m there is ¢, > 0 such that

lim inf Non()

T—00 xm

=, (5.6.87)

then F,, = —A,, + By, and {SF,, (t)}+>0 is an analytic semigroup on X,,.
c) If (5.6.87) holds for some my, then it holds for all m > my.

We note that (5.6.87) cannot hold for m =1 as N; = 0.

Proof We shall fix m satisfying m > j+1if j+1 > 1 and m > 1 otherwise; see (5.6.84). First we show that
By, := B|p(a,,) is well defined. Next, direct integration gives for u € D(A,,)

m,

/ —Ap + Bp)u(@)wpy, (x)de = —¢p, (u) == /(NO( ) — Npp(2))a(z)u(x)dz. (5.6.88)
0 0
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If the term Ny(x) > 0 were not present, then (5.6.88) would allow a direct application of the substochastic
semigroup theory. In the present case we note that for u € D(A,,)+ we have, by (5.6.85),

oo

() < / No(y)a(y)u(y)dy < daoby / (@)t (@) dz = [t
0

0

Then we have ¢, (u) = ¢m(u) + nfy w(@)wp(z)dz > 0 for 0 < u € D(Ap)+ and the operator
(A, D(Ap)) = (A +nlI, D(A,,)) satisfies

/(—flm + Bp)u(x)wpy, (z)dx = —qgm(u)
0

o

=—¢AMM D) (x x+/‘ (@) a(@)u(z)dz < 0.

0

Hence an extension I:"m of —flm + B,, generates a substochastic semigroup {5 P, (t)}1>0 and thus there is
an extension F,, of (—Au, + B, D(An)), given by (Fp, D(Fp)) = (Fp 4+ 11, D(F,,)), generating a positive
semigroup {Sr,, (t)}i>0 = (€7 Sp (t))i>0 on X,

Furthermore, ¢, extends to D(F,,) by monotone limits of elements of D(A,,). Thus, let u € D(F,,) with
D(A,,) 3 up  u. Then, since

o

/ No(z (z)dz < oo, / w(@)wm (z)dz < oo,

0

by (5.6.84), m > j 4+ 1 and D(F,,) C X,,, and the fact that ¢y, (u,) tends to a finite limit, we have

o0

lim [ Ny (x)a( /Nm (x)dx < +o0.
0

n—00
0

To prove part b), we begin by observing that inequality (5.6.85) implies that 0 < Np,(z) < a™. This,
together with (5.6.87), yields c,,z™/2 < N, (z) < ™ for large = which, by (5.6.86), establishes that if
u € D(Fy,), then au € X, or, in other words, that D(F,,) C D(A,,). Since (F,,, D(F,,)) is an extension of
(=A,, + B, D(A)), we see that D(F,,) = D(A,,).

It is clear that the semigroup generated by —A,, is bounded. Furthermore, if A = 7 +is then |\ +a(z)|? > s?
and therefore, for all » > 0

1
r+is + a(x)

@)1+ &™)z < |l

IR(r + 5, —Ap) flln = / o

The analyticity of the fragmentation semigroup then follows from the Arendt-Rhandi theorem, Theorem 5.8.
O

This results plays a crucial role in the analysis of the full fragmentation-coagulation equation, [22].

Ezample 5.38. One of the forms of b(x|y) most often used in applications is

bzly) = ih <Z) (5.6.89)
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which is referred to as the homogeneous fragmentation kernel. In this case the distribution of the daughter
particles does not depend directly on their relative sizes but on their ratio. In this case

1
1
N (y) = ;/h (;) x"dx = ym/h(z)zmdz =: hpy™.
0 0

y 1
y=n1(y) = %/h (2) rdr = y/h(z)zdz = hy
0 0

we have hy = 1 so that h,, <1 for any m > 1 and N,,(y) = y™(1 — h.,,). Hence, (5.6.87) holds.

Since

On the other hand, fragmentation processes in which daughter particles accumulate close both to 0 and to
the parent’s size may not satisfy (5.6.87), [22].
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Semilinear problems

1 Nonhomogeneous Problems

Let us consider the problem of finding the solution to the Cauchy problem:

Ou=Au+ f(t), 0<t<T

u(0) = 1, (6.1.1)
where 0 < T < 00, A is the generator of a semigroup and f : (0,7) — X is a known function.

If we are interested in classical solutions, then clearly f must be continuous. However, this condition proves
to be insufficient. Thus we generalise the concept of the mild solution introduced in (3.1.13). We observe
that if u is a classical solution of (6.1.1), then it must be given by

t
u(t) = G(t)u +/G(t —8)f(s)ds (6.1.2)

0
(see, e.g., [p4, Corollary 4.2.2]). The integral is well defined even if f € L;([0,7], X) and ue X. We call u

defined by (6.1.2) the mild solution of (6.1.1). For an integrable f such w is continuous but not necessarily
differentiable, and therefore it may be not a solution to (6.1.1).

We have the following theorem giving sufficient conditions for a mild solution to be a classical solution (see,
e.g., [54, Corollary 4.2.5 and 4.2.6]).

Theorem 6.1. Let A be the generator of a Cy-semigroup {Ga(t)}ei>0 and x € D(A). Then (6.1.2) is a
classical solution of (6.1.1) if either

(i) f € CH[0,T], X), or

The assumptions of this theorem are often too restrictive for applications. On the other hand, it is not clear
exactly what the mild solutions solve. A number of weak formulations of (6.1.1) have been proposed (see

e.g. [35, pp. 88-89] or [10]), all of them having (6.1.2) as their solutions. We present here a result from [34,
p. 451] which is particularly suitable for applications.

Proposition 6.2. A function u € C(R4, X) is a mild solution to (6.1.1) with f € L1(R4,X) in the sense
of (6.1.2) if and only if fotu(s)ds € D(A) and
¢

u(t) =t +A/u(s)ds + /f(s)ds7 t>0. (6.1.3)
0

0



86 6 Semilinear problems

1.1 Semi-linear problems

Let us introduce now the simplest nonlinearity and consider the semilinear abstract Cauchy problem
Opu = Au+ f(t,u), t>0,
w(0) = 1, (6.1.4)
where A is a generator of a Cy-semigroup {G4(t)}i>0 and f : [0,7] x X — X is a known function. Since a

priori we know no properties of the solution u (which may even fail to exist), it is plausible to start from a
weaker formulation of the problem, i.e. from the integral equation:

u(t) = Ga(t) v+ / Ga(t—s)f(s,u(s))ds. (6.1.5)
0

This form is typical for fixed point techniques. Here, depending on the properties of {G(t)}i>0 and f, we
can use two main fixed point theorems: the Banach contraction principle and Schauder’s theorem.

We shall focus on the Banach contraction principle which leads to Theorem 6.3 below. It requires a relatively
strong regularity from f.

We say that f:[0,7] x X — X is locally Lipschitz continuous in u, uniformly in ¢ on bounded intervals, if
for all ¢ € [0, T and ¢ > 0 there exists L(e, ') such that for all ¢ € [0,¢'] and |Ju|, ||v]] < ¢ we have

1f(tw) = f(t,v)llx < Lie,t)|u—vl[x.

Theorem 6.3. Let f : [0,00[xX — X be continuous in t € [0,00] and locally Lipschitz continuous in u,
uniformly in t, on bounded intervals. If A is the generator of a Cy-semigroup {G a(t)}i>0 on X, then for

any uE X there erists tmaz > 0 such that the problem (6.1.5) has a unique mild solution uw on [0,tm,az|.
Moreover, if tymas < +00, then tlim [lu(®)||x = oc.
— 00

The proof is done by Picard iterations, as in the scalar case. Also, similarly to the scalar case, a sufficient
condition for the existence of a global mild solution is that f be uniformly Lipschitz continuous on X.
Uniform Lipschitz continuity yields at most linear growth in ||z|| of ||f(¢,z)|. In fact, even for f(u) = u?
and A = 0, the blow-up occurs in finite time.

There are two standard sufficient conditions ensuring that the mild solution, described in Theorem 6.3,
is a strict solution. Both follow from the corresponding results for nonhomogeneous problems. They are
either that f : [0,00[xX — X is continuously differentiable with respect to both variables, or that f :
[0,00[xD(A) — D(A) is continuous. Certainly, in both cases to ensure that the solution is strict we must

assume that 1€ D(A).

2 Epidemiology

This section is based on [25, 24]. To simplify the exposition we replace the SIRS model given by (2.2.13) with
the SIS model describing the evolution of epidemics which does not convey any immunity. Setting v = 0 in
the system (2.2.13) and thus discarding the ‘recovered’ class, we have

Os(a,t) + dgs(a,t) = —u( ) (a,t) — A(a,i(-,t))s(a, t) + d(a)i(a,t),
Ori(a,t) + Ogi(a,t) = a)i(a,t) + A(a,i(-,t))s(a, t) — d(a)i(a,t),

5(0,1) /B ) {s(a. ) + (1 — @)ia. )} da,

—q/ﬂ i(a,t)d

s(a,0) = so(a) = ¢°(a),
i(a,0) = io(a ) = ¢'(a), (6.2.6)
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for0<t<T <+400,0<a<w< +c0.

The force of infection is defined by (2.2.14); the concrete assumptions will be introduced when needed. In
both cases we deal with a semilinear problem; that is, with a nonlinear (algebraic) perturbation of a linear
problem. As in Section 1.1, the decisive role is played by the semigroup generated by the linear part of the
problem.

Problems like (6.2.6) have been relatively well-researched, including the cases where p and 8 are nonlinear
functions depending on the total population, see [30, 58] and reference therein. Our model most resembles
that discussed in [58], the main difference being that in op. cit. the maximum age w is infinite which makes
it plausible to assume that u is bounded. However, a biologically realistic assumption is that w < 400 which,
however, necessitates building into the model a mechanism ensuring that no individual can live beyond w.
It follows, e.g. [40], that the probability of survival of an individual till age a is given by

I(a) = & Ji wo)ds.
Thus IT(w) = 0 which requires
/ u(s)ds = +o0. (6.2.7)
0

Hence, p cannot be bounded as ¢ — w™. This is in contrast with the case w = +00, where commonly it is
assumed that p is a bounded function on Ry, and introduces another unbounded operator in the problem.
We note that this difficulty was circumvented by Inaba in [41] by introducing the maximum reproduction
age a; < w and ignoring the evolution of the post-reproductive part of the population. Also, in papers such
as [30], though w < 400, the assumption that the population is constant removes the death coefficient from
the equation. The analysis of the model without any simplification in the scalar and linear case was done in
[40] by reducing it to an integral equation along characteristics. It can be proved that the solution of such
a problem is given by a strongly continuous semigroup. Here we shall prove this directly by refining the
argument of [41].

2.1 Notation and assumptions

We will work in the space X = L ([0,w],R?) with norm [|(p1,p2)|lx = |[p1]| + [[p2|l, where the norm ||-||
refers to the norm in L ([0,w]); the relevant norm in R? will be denoted by |- |. We also introduce necessary
assumptions (cf. [40]) on the coefficients of (6.2.6) where, in what follows, for any measurable function ¢ on
[0, w] we shall use the notation

¢ =esssup ¢P(a), ¢ =-essinf ¢(a). (6.2.8)
a€[0,w] - a€l0,w]
(H1) 0 < gt € Loo,toc([0,w)), satisfying (6.2.7), with p > 0;
(H2) 0 < B € Loo([0,w]);
(H3) 0 <6 € Loo([0,w]);
(H4) 0 < K € L™ ([0,w]?)

Let W1 ([0,w], R?) be the Sobolev space of vector valued functions. Further, we define S = diag {—8,, —0,}
on D(S) = W1([0,w],R?), M,,(a) = diag {—p(a), —p(a)} on D(M,,) = {p € X : pup € X},

M;(a) = (8 _ggz;) : (6.2.9)
M; € £(X). Further, for a fixed ¢ € [0,1],

_ (B(a) (1= q)B(a)
B(a) = (0 48(a) ) (6.2.10)
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with
Be - | Bl
the operator B is bounded. Moreover, we introdu(?e the linear operator A, defined on the domain
D(A,) = {¢ € D(S) N D(M,.); ¢(0) = B} (6.2.11)

by
A,=S+M,. (6.2.12)

Let Q be the linear operator defined on the domain D(Q) = D(A,,) by @ = A, + M;. Using this notation,
we see that (6.2.6) can be rewritten in the following compact form

Ou = A, u+ Msu + F(u),
u(0, 1) :/0 B(a)u(a,t)da,
u(a,0) = up(a) = ¢(a), (6.2.13)

where u = (s,4)T and § is a nonlinear function defined by
[ —A(1)s
F(w) = ( A(~,i)5>
with A defined by (2.2.14).

2.2 The linear part

To prove that (6.2.6) is well-posed in X, first we consider the linear operator @ on D(Q) = D(A,,).
Theorem 6.4. The linear operator Q generates a strongly continuous positive semigroup (T (t)),s, in X.

To carry out the proof of Theorem 6.4, it is sufficient to prove the generation result for A, and use Theorem
5.3 (the Bounded Perturbation Theorem) to prove the generation for Q; then we use some other tools to
show the positivity of the combined semigroup. In this setting, first we have

Theorem 6.5. The linear operator A, generates a strongly continuous positive semigroup (TAu (t))t>0 n
X such that B a
1TA, Ollcx) < et (6.2.14)

We prove this theorem in a sequence of lemmas in which we construct and estimate the resolvent of A,,.
We begin with introducing the survival rate matrix L(a), which represents the survival rate function in a
multi-state population. L(a) is a solution of the matrix differential equation:

%(Q) =M,(a)L(a), L(0)=1, (6.2.15)

where I denotes the 2 x 2 identity matrix. The solution of (6.2.15) is a diagonal matrix given by
L(a) = ¢~ Jonmdry, (6.2.16)

From the above formula, we see that L(a) is invertible for all a € [0,w); its inverse is denoted L~!(a). The

inverse satisfies
dL—1

da
Hence, we can define the fundamental matrix L(a,b) by

(a) = —M, ()L™ (a), L70)=1 (6.2.17)

L(a,b) = L(a)L™*(b).
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Lemma 6.6. If A > 3 — 1, then (A — A#)f1 is given by
e=(M—-A,)""¢

= e L(a) (1— /0 we_’\"B(a)L(o) da> l/owB(a) / ae’\("_“)L(a, 0)(0)doda

0

+ e " L(a) /Oﬂ ML o) (o) do. (6.2.18)

Proof. Let A > B — p and 9 € X. A function ¢ € D(A,,) if and only if

d
Mp(a) + ¢
B

0(0) = /0 (@)pla)da,  pp e X. (6.2.19)

(a) — My (a)p(a) = (a),

By Duhamel’s formula, the first equation of (6.2.19) gives

@(a) = e **L(a)p(0) +/ e M= (a, 5)p(s) ds,
0
= ¢~ fo mmdr ) +/ e Moo= T ur)dray 6y s, (6.2.20)
0

for some unspecified as yet initial condition ¢(0). For a fixed ¢(0), we denote by R )(A) the operator
1(s) — ¢ the operator defined above; it is easy to see that

(M =S = M,) R0y (N = b, (6.2.21)

for a.a. a € [0,w). The unknown ¢(0) can be determined from the boundary condition (6.2.19) by substituting
(6.2.20); we get

@l0) = [ €I OB a)p(0) da
0

+/ e ra=J5 n(r) drp ) (/ Mo nr) drap () dS) da.
0

0

Since
/ e~ A=l N drB(g) da| < B/ e~ Atwa gq < RN (6.2.22)
0 0 At p
for A>pB—p, I— [ e~ 2= Jo 1) drB(g) da is invertible with the inverse
w s -1 )\ +
(I—/ 5 ) drp ) ds) < “TE (6.2.23)
0 A= (B—p)

Hence

-1

p(0) = (I— / ks :10) da)
0
/ e—ha=fg m(M drg (g) < / et m) drap () ds> da

0 0

and we can substitute that ¢(0) in the operator R )()) to define
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R(MNY(a)
w -1 rw
_ e*/\affou wu(r)dr <I o / 67A57f05 n(r) drB(S) ds> / ef)‘affoa wu(r) drB(a)
0 0

x / AT ) drap(5) ds da + e~ oS0 wr) dr / e ) e (s) ds,
0 0

The above calculations show that A — A, is one-to-one for A > B— - Routine calculations show that

1
RN < m”%&- (6.2.24)

Thus R(A) is a bounded operator in X.

Further, by lengthy calculations we also can show that

| @R da < (1 - —

=) ¥l

(

Hence R(A\)X C D(M,,). Further, since for any ¢ € X, ¢ = R(\)¥ satisfies

|

RO + LR ~ MR =

almost everywhere, we have

d%R(AW, =3 — AR(\)¢ + MR\,

where, by the above estimates, all terms on the right hand side are in X. Hence R(\)yp € W1([0,w], R?)
and, consequently, R(A\)Y € D(A,).

Since the boundary condition holds, using the results above we see that the operator R(\), given by (Al —
A, )R(N)Y = v, is such that maps R(A) : X — D(A,). Then R(\) is a right-inverse of the operator
A=A,

Summarizing, R(A) is the right inverse of (A\] — A, D(A,,)). To prove that it is also a left inverse, we repeat
the standard argument. Assume that for some ¢ € D(A,) we have

RO~ A)p =5 # .
Since R(A) : X = D(A,,), we can write
(ML= Au)p = (AT — AR - Ap = (A — A,)7

since R(\) is a right inverse of A\I — A ,. But we proved that the linear operator (Al — A,,) is one-to-one for
A>pB—p, o=¢and hence RAA)=(A[—A,)"'. O

Lemma 6.7. D(A); = X,.

Proof. A proof of this result (with some gaps) is provided in [41, p.60]. A more comprehensive proof can
be found in [58]. We present a simpler proof which, moreover, allows for the approximation of f € X, by
elements of D(A,,)+.

Fix f € X,. First we note that for any given € there is 0 < ¢ € C§°((0,w), R?) such that || f — ¢[x < e.
Clearly, ¢ € D(M,,) but typically

o(0) # / " B(a)e(a) da.
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Take a function 0 < n € C§°([0,w)) with n(0) = 1 and let n.(a) = n(a/e). Further, let o« = (o, a2) be a
vector and consider

¢ =@+ no.
Clearly, 1 € Wi ([0, w],R?)ND(M,,). As far as the boundary condition is concerned we have, by the properties
of the involved functions,

Ew

_ [ Bla)ne(a) (1 —q)B(a)ne(a)
oz_/(J B(a)p(a)da + /(0 4B(a)n.(a) >da a. (6.2.25)

0

Now, since
Ew

0< [ Bla)ne(a)da =€ | B(es)n(s)ds < €f,
[t

the matrix /; —norm satisfies

EwW

Bla)ne(a) (1 —q)B(a)n(a) )
0/ <O qf(a)ne(a) > da < €B.

L(R?)
Thus, (6.2.25) is solvable for sufficiently small e. Further, by the positivity of the above matrix and the

properties of the Neumann series expansion, « is nonnegative and

le| < (1-ef)t<C

/ow B(a)p(a)da

for some constant C, which is independent of € for sufficiently small e (the norm of |||, which depends on
€, can be bounded by e.g. || f|| + 1 for e < 1). Hence we have

IF = lx < If = elx + laf[nd] < (1+ C)e.

Proof of Theorem 6.5. Since the inverse of a bounded operator is closed, we see that A\I — A, and hence
A, are closed. Thus the above lemmas with the estimate (6.2.24) show that A, satisfies the assumptions of
the Hille-Yosida theory. Hence, it generates a semigroup satisfying (6.2.14). Since the resolvent is positive,
the semigroup is positive as well. O

Proof of Theorem 6.4. Since My € L (X), with ||M5(a)||£(x) < 26, Theorem 5.3 (the Bounded Perturba-

tion Theorem) is applicable and states that the linear operator (Q, D(A)) generates a strongly continuous

semigroup denoted by (Tg(t))t>0. Using the estimate (6.2.14) we have:

1T o)l (x) < Pt

Using the structure of M we can improve this estimate and also show that the semigroup {7 o(t)}+>0 is
positive. Since the the variable a plays in My the role of a parameter, we find

1 1— eft(?(a)
Twm, (1) = (O o—t3(a) )

and so
1T ™, (Bl o x) = 1-

Also, {T M, (t)}¢+>0 is positive. Hence, by (5.1.7), we obtain
1T o) px) < e (6.2.26)

and {T g(t)}+>0 is positive. O
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Remark 6.8. The estimates (6.2.14) and (6.2.26) are not optimal. In fact, for the scalar problem
on(a,t) = —0yn(a,t) — pla)n(a,t), t>0,a € (0,w)

n(0,t) = [ B(a)n(a,t)da,
/

n(a,0) =n (a), (6.2.27)

it can be proved, [40], that there is a unique dominant eigenvalue A* of the problem, which is the solution
of the renewal equation

7 —)\a—a (s)ds
1 :/B(a)e 19 fa, (6.2.28)
0
such that
In(t)]] < Me* (6.2.29)

for some constant M. This eigenvalue is, respectively, positive, zero or negative if and only if the basic
reproduction number

e — i u(s)ds
R= /ﬂ(a)e 1" b (6.2.30)
0

is bigger, equal, or smaller, than 1.

Consider now an initial condition (272) € D(A,). Since the semigroup {7 g(t)}+>0 is positive, the strict
solution (s, ) of the linear part of (6.2.6) is nonnegative and the total population 0 < s(a,t)+i(a,t) = n(a,t)
satisfies (6.2.27). Using nonnegativity, we find s(a,t) < n(a,t) and i(a,t) < n(a,t) and consequently

ITa()(5,4)llx < Me™||(5,4)l1x

for (s, Z) € D(A,)+. However, by Lemma 6.7, the above estimate can be extended to X and, by (4.1.5), to
X.

Note that the crucial role in the above argument is played by the fact that (s,i) satisfies the differential
equation (6.2.6) — if it was only a mild solution, it would be difficult to directly prove that the sum s+ is
the mild solution to (6.2.27).

2.3 The nonlinear problem

In the case of intercohort transmission, discussed in these lectures, individuals of any age can infect individuals
of any age, though with possibly different intensity. Then

A(a,i) = /Ow K(a,a')i(a") dd, (6.2.31)

where K(a,a’) is a nonnegative bounded function on [0,w] x [0,w] which accounts for the age-specific prob-
ability of becoming infected through contact with infectives of a particular age.

Since the nonlinear term § is quadratic, standard calculations, see [51], give

Proposition 6.9. § is continuously Fréchet differentiable with respect to ¢ € X and for any ¢ =
(qbs, qbz) , P = (1/15,1/1Z) € X the Fréchet derivative at ¢, F¢, is defined by
—* (a) [ K (a,d') ¢' (a') da’ — ¢° (a) [ K (a,a') " (a') da’
0 0
(S’zp"/)) (a) := . .
v (a) [ K (a,) &' (@) da’ +6* (a) [ K (a,0') 0" (a') d
0 0
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Hence we can apply Theorem 6.3 to claim that for each u= (g, ;) € X, there is a t(lol) such that the problem
(6.2.13) has a unique mild solution on [0, #(1)[3 ¢ — u(t); this solution is strict if u e D(A,).

We recall that that the proof consists of showing that the Picard iterates

Ug = ﬁ
u,(t) = To(t) u + / T ot — 8)F(Wn_1(s))ds (6.2.32)

0

converge in C([0, t(u)[, B(u, p)) where B(u, p) = {u € X; |lu— u ||x < p} for some constant p. Since the
nonlinearity is quadratic, it is not globally Lipschitz continuous and thus the question whether this solution
can be extended to [0, co[ requires employing positivity techniques.

Since § is not positive on X, we cannot claim that the constructed local solution is nonnegative, as the

iterates defined by (6.2.32) need not be positive even if we start with u> 0. Hence, we re-write (6.2.13) in
the equivalent form

du
== (Og —kl)u+ (kI +) (), t>0, (6.2.33)
u(0) = u,

for some k € Ry to be determined. Denote Q,, = Q — kI; then {T g .(t) }+>0 = (6 T g)t>0 and hence
{T o,x(t)}+>0 is positive. It is also easy to see that the following result holds.

Lemma 6.10. For any p there exists £ such that (kI + F)(X4 N B(u,p)) C X,

Then the Picard iterates corresponding to (6.2.33),

t
u(t) = e ST () © + / eHETo (t — s) (kI +F)(uls))ds, 0 <t < (&),
0
are nonnegative and we can repeat the standard estimates to arrive at

Theorem 6.11. Assume that ue X, and let u : [0, t(lol)[—> X be the unique mild solution of (6.2.13). Then
this solution is nonnegative on the maximal interval of its existence. Moreover, the solutions continuously
depend on the initial conditions on every compact subinterval of their joint interval of existence.

2.4 Global existence

Since quadratic nonlinearities do not satisfy the uniform Lipschitz condition, we cannot immediately claim
that the solutions to (6.2.13) are global in time. In fact, it is well known that, even for ordinary differential
equations, the solution with a quadratic nonlinearity can blow up in a finite time. Here, we use positivity
to show that positive solutions exist globally in time. For this, we have to show that ¢ — Hu(t)“ x does not
blow up in finite time. We state the following result:

Theorem 6.12. For any ue D(A,)NX,, the problem (6.2.13) has a unique strict positive solution u(t)
defined on the whole time interval [0, c0].

Proof. The proof uses the ideas of Remark 6.8. Under the adopted assumptions, we have a positive strict

solution u(t) = (s(t),i(t)) to (6.2.6) in L1([0,w], R?) defined on its maximum interval of existence [0, tmaq|.
But then

Hu(t)HX :/0 (s(a,t) +i(a,t)) da :/0 u(a,t)da, t€0,tmazl,
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where u(a,t) is the solution to the McKendrick equation (6.2.27). But then, as long as 0 < ¢ < t(ﬁ),
la®)llx < 2| a

Hence Hu(t)HX does not blow up in finite time and the solution is global. O

Corollary 6.13. For any uc X, the problem (6.2.13) has a unique mild positive solution u(t) defined on
the whole time interval [0, co].

The proof follows from the fact that D(A,)y is dense in X and the continuous dependence on initial
conditions.
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