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Introduction

The common feature of many models coming from natural and engineering sciences is that the solutions
represent the distribution of the particles of various sizes and thus they should be coordinate-wise nonnegative
(provided the initial distribution is physically realistic; that is, also non-negative). Though mostly we work
with spaces of continuous or integrable functions, or sequences, where the nonnegativity of an element f is
understood as f(x) > 0 pointwise or p-almost everywhere in the former case and f,, > 0 for any n in the
latter case, ertain results are easier to formulate in a more general setting. Thus we shall briefly present basic
concepts of the theory of Banach lattices; that is, Banach spaces with order compatible with the norm. The
presentation is based on classical textbooks on Banach lattices, see e.g. [1, 2, 3, 4, 5, 6].






2

Basics

1 Defining Order

In a given vector space X an order can be introduced either geometrically, by defining the so-called positive
cone (in other words, by saying what it means to be a positive element of X), or through the axiomatic
definition:

Definition 2.1. Let X be an arbitrary set. A partial order (or simply, an order) on X is a binary relation,
denoted here by ‘>’, which is reflexive, transitive, and antisymmetric, that is,

(1) x > x for each x € X;

(2) x >y andy > x imply x =y for any x,y € X;

(8) x >y and y > z imply © > z for any z,y,z € X.

Ifx,ye X, wewritex >yife>yandx#yand z <yify>z.

Remark 2.2. In some books, e.g. [5], partial order is introduced through the relation ‘>’ defined as above.
More precisely, the relation ‘>’ is defined by: for any z,y,z € X

(1) z > y excludes = = y;

(3") x >y and y > z imply z > z.

It is easy to see that both definitions are equivalent.

IfY C X, then z € X is called an upper bound (respectively, lower bound) of Y if > y (respectively, y > x)
for any y € Y. An element x € Y is said to be maximal if there is no Y 3 y # x for which y > z. A minimal
element is defined analogously. A greatest element (respectively, a least element) of Y is an x € Y satisfying
x >y (respectively, z < y) for all y € Y.

We note here that in an ordered space there are generally elements that cannot be compared and hence the
distinction between maximal and greatest elements is important. A maximal element is the ‘largest’ amongst
all comparable elements in Y, whereas a greatest element is the ‘largest’ amongst all elements in Y. If a
greatest (or least) element exists, it must be unique by axiom (2).

By the order interval [z,y] we understand the set

[z,y] ={z€e X; x <z <y}

The supremum of a set is its least upper bound and the infimum is the greatest lower bound. For a two-point
set {z,y} we write z Ay or inf{x,y} to denote its infimum and x V y or sup{z,y} to denote supremum. In
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the same way we define sup A and inf A for an arbitrary set A. The supremum and infimum of a set need
not exist. We observe the following associative law.

Proposition 2.3. Let a subset E of X be represented as E = U§E~ E¢. Then

1. If ye = sup E¢ exists for any § € = and y = supgc =z ye ewists, then y = sup E;
2. If z¢ = inf E¢ exists for any { € = and z = infec= ye exists, then z = inf E.

Proof. 1. If x € E, then x € E¢ for some & and thus < y¢ <y. Thus, y is an upper bound for E. If v is an
arbitrary upper bound for F, then v is an upper bound for E¢ for each £. Hence y: < v for any £ € = and
consequently y < v. Thus v is the least upper bound and hence y = sup F.

2. The proof is analogous. 0O
Definition 2.4. We say that an ordered space X is a lattice if for any x,y € X both x Ay and x V y exist.

Ezample 2.5. The set of all subsets of a given set X with partial order defined as inclusion is a lattice with
X being its greatest element.

From now on, unless stated otherwise, any vector space X is real.

Definition 2.6. An ordered vector space is a vector space X equipped with partial order which is compatible
with its vector structure in the sense that

(4) x >y implies x + z > y+ z for all x,y,z € X;
(5) © >y implies ax > ay for any x,y € X and o > 0.

If the ordered vector space X is also a lattice, it is called a vector lattice, or a Riesz space. The set X1 =
{z € X; © > 0} is referred to as the positive cone of X.

Example 2.7. A convex cone in a vector space X is a set C characterised by the properties:

i Cc+Ccda;
(ii) «C C C for any a > 0;
(ili) Cn (=C) = {0}.

We show that X is a convex cone in X. In fact, from axiom (4) we see that if z,y > 0, then x+y > 0+y =
y > 0, so (i) is satisfied. From (5) we immediately have (ii) and, again using (2), we see that if x > 0 and
—x > 0, then 0 = x. Convexity then follows as if z,y € C, then ax, Sy € C for any «, 8 > 0 (in particular,
for « + 8 =1) and thus az + By € C.

On the other hand, let C be a convex cone in a vector space X. If we define the relation ‘>’ in X by the
formula y > z if and only if y — 2 € C, then X becomes an ordered vector space such that X, = C. In
fact, because © — x = 0 € C, we have x > z for any « € X which gives (1). Next, let z — y € C and
y —x € C. Then by (iii) we obtain axiom (2). Furthermore, if x —y € C and y — z € C, then we have
r—z=(r—y)+ (y—=2) € C by (i). Hence > is a partial order on X. To prove that X is an ordered
vector space, we consider z —y € C and z € X; then (x + 2) — (y + 2) =  — y € C which establishes (4).
Finally, if x —y € C and a > 0, then ax — ay = a(x —y) € C by (ii) so that (5) is satisfied. Moreover,
Xi={reX;2>0={reX;2-0eC}=C.

The cone C of X is called generating if X = C' — C; that is, if every vector can be written as a difference of
two positive vectors or, equivalently, if for any z € X there is y € X satisfying y > x.
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The Archimedean property of real numbers is that there are no infinitely large or small numbers. In other
words, for any r € R, lim, o, nr = oo or, equivalently, lim,, n~'r = 0. Following this, we say that a
Riesz space X is Archimedean if inf,en{n=12} = 0 holds for any € X, . In this book we only deal with
Archimedean Riesz spaces.

The operations of taking supremum or infimum have several useful properties which make them similar to
the numerical case.

Proposition 2.8. For arbitrary elements x,y, z of a Riesz space, the following identities hold.

.z +y=sup{x,y} + inf{z,y};

. x+suply, z} =sup{z +y,x + 2z} and x + inf{y, 2z} = inf{z +y,z + 2};
.sup{z,y} = —inf{—=z, —y} and inf{z,y} = —sup{—=z, —y};

. asup{z,y} = sup{az,ay} and ainf{z,y} = inf{az, ay} for a > 0.

v AN Lo v~

. For any z,y,z € X1 we have
inf{z +y, z} <inf{z, z} + inf{y, z}.

Proof. 1. From inf{z,y} < y we obtain z + inf{z,y} < x 4+ y so that z < z + y — inf{z, y} and similarly
y <z +y—inf{z,y}. Hence, sup{z,y} < x4y — inf{z,y}; that is,

T +y > sup{z,y} + inf{z,y}.

On the other hand, because y < sup{z,y}, in a similar way we obtain = + y — sup{z,y} < x and also
x4y — sup{z,y} <y so that
x +y < sup{z,y} + inf{z, y}

and the identity in property 1 follows.

2. Clearly, z+y < z+sup{y, z} and z+ z < z+sup{y, z} and thus sup{z+y,x+ 2} < x+sup{y, z}. On the
other hand, y = —z+(x+y) < —z+ sup{z+y,z+z} and similarly z = -2+ (z+2) < —z+sup{z+y,z+2}
so that sup{y, z} < —z 4+ sup{x + y, x + 2} or, equivalently = + sup{y, z} < sup{x + y,z + z}. Together, we
obtain x + sup{y, z} = sup{x + y,z + z}. The other identity can be proved in the same manner.

3. Because z,y < sup{z,y}, we obtain that —sup{z,y} < —z and —sup{z,y} < —y and so —sup{z,y} <
inf{—z, —y}. On the other hand, if —x > z and —y > z, then 2,y < —z and hence —z > sup{z, y}. Replacing
z by inf{—z, —y} shows — sup{z, y} = inf{—z, —y}. To get the second identity we replace 2 by —z and y by
—y in the first one.

4. Let @ > 0. Clearly, by Definition 2.6 (5), sup{az,ay} < asup{z,y}. Since sup{az,ay} > az,ay,
a~tsup{az,ay} > x,y, hence sup{z,y} < a~!sup{ax,ay} which implies asup{z,y} = sup{ax,ay}. The
second one is proved in the same way.

5. Since z,y, z are positive, y + z > z and hence (y + z) A z = z. Thus, by Proposition 2.3 and Proposition
2.8 2., we have

(z+)Ahz=@@+A((y+2)A2)=((z+Ay+2)Az=H+zA2)Az
<(y+axA2)A(z+zAz)=xAz+yAz.

a

Remark 2.9. Proposition 2.8 3. shows that to show that an ordered vector lattice X is a Riesz space it suffices
only to prove that zVy exists for any two x,y € X. Indeed, if we only know that uVv exists for any u,v € X,
for a given x,y, we define x Ay = —(—z) V (—y). It is indeed the infimum of x and y since, repeating the
argument above, if z < z,z <y, then —z > —x,—2z > —y, thus —z > (—z)V(—y) and 2 < — > (—z) V (—y).
On the other hand, since (—z) V (—y) > —z, —y, we find (—2) V (—y) < z,y.
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Even more, Proposition 2.8 2. shows that it is sufficient if V0 exists for any € X as then 2Vy = z+(y—x)VO0.
Indeed, as shown in 2., z +y V z is an upper bound for z + y and = + z. On the other hand, if £ is any other
upper bound, then y < ¢ —z,z2<f—zand thusyVvVz<{—xso{>z+yVzand thus the supremum of
{z +y,x + 2z} exists and equals z + y V z. Hence only the existence of one supremum is required in property
2.

The element x V 0 plays a special role discussed below.
For an element z in a Riesz space X we can define its positive and negative part, and its absolute value,

respectively, by
Tt zsup{m,O}, T— :Sup{_$70}7 |£17| =sup{x7 _x}

The functions (z,y) — sup{z,y}, (z,y) = inf{z,y},2 — x4 and & — |z| are collectively referred to as the
lattice operations of a Riesz space. The relation between them is given in the next proposition.

Proposition 2.10. If z is an element of a Riesz space, then
=Ty —T_, || =24 +a_. (2.1.1)

Thus, in particular, the positive cone in a Riesz space is generating.

Proof. By Proposition 2.8(1) and (3) we have
x =x + 0 = sup{z, 0} + inf{z, 0} = sup{x,0} — sup{—=,0} = x4 —z_.
Furthermore, from Theorem 2.8(2) and (4), and the previous result we get
|x| = sup{z, —x} = sup{2x,0} — x = 2sup{z,0} —x =22, —x
=2zy —(zy —z_)=x4 +x_.
O
The absolute value has a number of useful properties that are reminiscent of the properties of the scalar

absolute value; that is, for example, |z| = 0 if and only if x = 0, |ax| = |a||z| for any € X and any scalar
a, as well as some others which are proved below.

For a subset S of a Riesz space we write
sup{z, S} =z Vv S := {sup{z, s}; s € S},
inf{z, S} =z A S := {inf{x,s}; s € S}.

The following infinite distributive laws are used later.

Proposition 2.11. Let S be a nonempty subset of a Riesz space X. If sup S exists, then sup{inf{x,S}} and
sup{sup{z, S}} ezist for each x € X and

sup{inf{z, S}} = inf{z,sup S},

sup{sup{z, S}} = sup{z,sup S}. (2.1.2)
Similarly, if inf S exists, then inf{sup{x, S}}, inf{inf{x, S}} exist for each x € X and

inf{sup{x, S}} = sup{z,inf S},

inf{inf{x, S}} = inf{z, inf S}. (2.1.3)
In particular, if S = {y, z}, then

(xAy)V(eAz)=zA(yV=2),

(zVy)V(zVvz)=zV(yVz),

(xVy)A(xVz)=zV (yAz),

(xAYAN(xAN2)=xA(YA=z) (2.1.4)
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Proof. Let us assume y = sup S exists and let € X. Because for any s € S we have inf{z, s} < inf{z,y},
we can write

sup{inf{z, S}} < inf{z,sup S}

provided the left-hand side exists. To prove the existence and the equality, we should prove that if z >
inf{z, s} for any s € S, then z > inf{z,sup S}. Using property 2 of Proposition 2.8, we have

s =inf{x, s} + sup{z, s} —z < z +sup{x, s} —x < z 4+ sup{z,y} — =
for any s € S so that taking the supremum over S we get
y < z+sup{z,y} —

that is,
y+x —sup{z,y} < z.

Again using Proposition 2.8, x + y — sup{z,y} = inf{z, y} and therefore
inf{z,sup S} = inf{z,y} < z

which proves the first equation of (2.1.2).

To prove the second identity, again let y = sup S exist and note that sup{x,y} is an upper bound for the
set sup{z, S}. If z is another upper bound for this set we have z > sup{z, s} > s for all s € S. Hence z > y.
Because also z > z, we get z > sup{z,y}. Thus sup{z, y} = sup{sup{z, S}}.

Identities (2.1.3) can be proved in the same way. O

The following inequalities are essential in proving the relations between order and norm in the later sections.
Proposition 2.12. For arbitrary elements x,y, z of a Riesz space X, the following inequalities hold.

Lol =yl < |z 4yl < =] +[yl;
2. For x,y,z € X we have

|z — y| = sup{z,y} — inf{z, y},
| — y| = |sup{z, 2z} — sup{y, z}| + | inf{x, 2z} — inf{y, z}|. (2.1.5)

3. (Birkhoff’s inequality)

|sup{z, 2} —sup{y, z}| < [z —y|
|inf{z, z} — inf{y, z}| < |z —y|. (2.1.6)

Proof. 1. Clearly, we have x4y < |z|+|y| and —x—y < |z|+|y| so that |z +y| = sup{z+y, —z—y} < |z|+|y|.
From this we see that |z| = |(z + y) — y| < |z + y| + |y| and in the same way |y| < |z + y| + |z|. Hence, by
the same argument, ||z| — |y|| < |z + y|.

2. We observe that for any u,v € X, by Proposition 2.8 2. and 3.,
v+ (u—v)y =v+sup{u —v,0} = sup{u, v},
—v+ (u—v)- = —v+sup{v —u,0} = sup{—u, —v} = —inf{u,v}.
Hence
lu—v|=(u—v)1 + (u—v)- =sup{u,v} — inf{u, v}.

To prove the second part we write, using in turn (2.1.5), Proposition 2.8 2., (2.1.4) and (2.1.5) again,
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[z —yl=(r—y)y + (& —y)- = sup{z, y} — inf{z, y}
= (sup{z,y} +2) — (inf{z,y}+2) = (@ Vy)Vz+(aVy) Az—(zAy)Vz—(zAy) Az
=@Va)VyVva)+@Az)V(yAz)—(xV)A([yVz)—(@Az)A(yAz)
=lzVz—yVzl+lzAz—yAz|

3. Follows immediately from 2. O

Definition 2.13. We say that x,y € X are disjoint (and denote it by x L y) if inf{|z|, |y|} = 0. For any set
D C X we define
Di={zeX;z Lyforanyy <€ D} (2.1.7)

Proposition 2.14. Let x,y € X. Then

1. x4 1L x_ and the decomposition of x into the difference of disjoint positive elements is unique;
2.z Ly is equivalent to |z| V |y| = |z| + |y| and then
[z +yl = |z[ + [yl

Proof. 1. We have
2y Nt =az_—x_+zi Ao =2_+(r4—2_)A0=2_ —(—(z4+ +2_)VO=2_—(—2)VO=2_—2_ = 0.

Further, let u,v > 0 satisfy v 1. v and = v — v. Since * = 4 — x_, we have u — x4 = v — x_. Clearly,
u>zand 2y =2z V0 <wuV0=wu Similarly, —x < v implies z_ = (—2) V0 < v V 0 = v. Hence

0<u—zy=v—z_=@w—-a)AN(v—z_)<uAv=0
by the disjointness.
2. The first part follows by Proposition 2.8 1., as
|| + |yl = = V |yl + =] A ly],
and the definition of the disjointness. To prove the second part, we observe that
lzt+yl=(+y) + (@ +y)-

so the result will follow if we could prove (z+vy)+ = x4 +y+. Since obviously x4 +z_ +yy +y— = (x+y) =
(r+vy)++ (x+y)_, in view of 1. we need to prove that (z4 +y+) L (z— +y_). Since both are nonnegative,

(4 +y) AN (@-Fy-) <o Az +ap Ay-+yr Az +yp Ay =0,
where we also used z4 Ay_ < |z| Ayl =0and y; Ax_ < |y|A|z| =0 as well as the distributive law from

Proposition 2.8 5. O

Proposition 2.15. (Riesz decomposition property) If x,y,z € X and z < x +y, then there exist u,v € X1
such that u < x, v <y and z =u +v.
Proof. Let us take u = z A z and v = z — u. Obviously, 0 < u,v and u < z. Further, by Proposition 2.8 2.,
y—v=y—z4+axAz=y—z+z)ANy>0.
O
Remark 2.16. The Riesz decomposition property gives an easy proof of the distributive law from Proposition
2.8 5. Indeed,
e A(z+y) <y+z

Thus, from the Riesz decomposition property, there are 0 < u <y,0 < v < z such that z A (z +y) = u+v.
But then u <z A (24 y) <z and so u < y A z. Similarly v < z and hence v < z A z and

zA(z+y) <yAz+zAx.
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2 Order and Norm

As the next step, we investigate the relation between the lattice structure and the norm, when X is both a
normed and an ordered vector space.

Definition 2.17. A norm on a vector lattice X is called a lattice norm if
[z| < |y| implies |[lz]| < ly[|. (2.2.8)
A wvector lattice X, complete under a lattice norm, is called a Banach lattice.
Property (2.2.8) gives the important identity:
]l = [ll«lll, =X (2.2.9)

Indeed, this follows as taking first z and y = |z| we have |z| < |(|z])| and hence ||| < |||=|||]. On taking |z|
and y = x, we also have |(|z])| < |z| and hence |[||z||| < [|z]|.

Proposition 2.18. Any normed lattice is Archimedean.

Proof. Let 0 <y < {n~'x}, x > 0, n € N. By the lattice norm property, we have
Iyl < lln~te] = n~"z||

for any n and hence ||y|| = 0, yielding y = 0. Hence inf{n"1z} =0. O

For a non-increasing sequence (x,,)neny we write a, | « if inf{z,,; n € N} = z. For a non-decreasing sequence
(Zn)nen the symbol z, 1 2 have an analogous meaning. One of the basic results is:

Proposition 2.19. Let X be a Banach lattice. Then:

(1) All lattice operations are continuous.
(2) The positive cone X4 is closed.
(8) The positive cone X is weakly closed.

(4) If (zn)nen is nondecreasing and lim, o x, = x in the norm of X, then
x = sup{x,; n € N}.

Analogous statement holds for nonincreasing sequences.

(5) Order intervals are norm bounded and closed.
Proof. Ad. (1). Consider (2n)nen, (Yn)nen of elements of X such that lim, . 2, = z and lim,—, 00 Y = ¥.
Using the Birkhoff inequality, (2.1.6), and Proposition 2.12 1., we have
|Zn Ay — 2 AY| < |Tp AYn — X Ayl + 20 Ay — 2 AY| < |yn —y| + |20 — 2
and hence, by the definition of a lattice norm,
[2n Ayn —x Ayl < llyn = yll + llzn — =[],

Analogously we prove the continuity of V and, by (2.1.1), of | - |.

Ad. (2). Since X4 = {z € X; z_ = 0} and the lattice operation X > z — z_ € X is continuous, X is
closed.
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Ad. (3). Since X is convex, it is closed if and only if it is weakly closed.

Ad. (4) For any fixed k € N we have

lim (z, —zx) =z — x)
n— o0

in norm and x,, — xp € X for n > k so that x — xp € X for any k € N by point (1). Thus z is an upper
bound for {x, }nen. On the other hand, if z,, <y for all n, then 0 <y — z,, — y — x so that, again by point
(1), we have y > x and hence & = sup,en{zn}-

The proof of (3) is analogous.

Ad. (5). Consider f € [z,y]. Then from z < f <y it follows 0 < f — 2z <y —x and hence ||f —z| < |ly — z|.
Thus,
I =11f =2+ 2| < [lzll + lly — =[]

To prove that [z, y] is closed we use the closedness of the positive cone. If (hy)neny C [z,y] and h,, — h in
X. Theny —x, >0and h, >x >0and hencey—h>0and h—x>0. O

In general, the converse of Proposition 2.19 (3) is false; that is, we may have z, 1T = but (x,)nen does
not converge in norm. Indeed, consider x,, = (1,1,1...,1,0,0,...) € lo, where 1 occupies only the n first
positions. Clearly, sup, ey = 2 :=(1,1,...,1,...) but ||, — 2|lcc = 1. This can be remedied by adding an
additional condition on the sequence or on the space. In the latter case, the converse of Proposition 2.19(3)
holds in a special class of Banach lattices, called Banach lattices with order continuous norm. A (o-complete)
Banach lattice is said to have an order continuous norm if any (sequence) net monotonically decreasing to
0 is norm convergent to 0. In such Banach lattices we have, in particular, that if 0 < z,T = and x,, < x for
all n € N, then (z,,)nen is a Cauchy sequence. Such spaces will be (possibly) discussed later. In the former
case, we have for instance,

Theorem 2.20. /3, Proposition 10.9] If X is a Banach lattice, then every weakly convergent increasing
sequence s norm convergent.

Proof. We can restrict our attention to nonnegative sequences by e.g. considering (—f1 + fn)n>1. Let
{f(t)}s>on weakly converges to f. We have f,, < f for all n € N. Indeed, fix arbitrary n, then f,1, — f, >0
for all p > 0. Taking p — oo, by Theorem 2.19 (3), f — f, > 0 and the claim follows since n is arbi-
trary. Using the Mazur theorem, there is a sequence (g, )nen of convex combinations of {f,},en such that
limy, 00 gn = f. In other words, for any € > 0, there is g, = a1 f1+...+am, fm, Witha; >0,i=1,...,m,,
and a1 + -+ a;,, = 1 such that ||f — g, || < e. However, since

gn=a1f1+ ...+ am, fm, é(Ofl+~~~“f‘04mn)fmn < fonn <15

we have, for r > m,,,
”f_frH < ||f_fmnH < ||f_gn|| <e

which shows the norm convergence.

It is important to rule out certain properties of general Banach lattices. For instance, R has the property
that any element is either nonnegative or nonpositive. If a general ordered space has this property, we say
that it is totally ordered. It turns out, however, that among Banach lattices, R is essentially the only one
with this property.

Proposition 2.21. Any totally ordered Banach lattice X is at most one-dimensional.
Proof. Let e € X4 and f € X and consider
Ar={a€eR :ae>f}, A_={aeR : ae< f}.

Each set is nonempty and closed and, since aee — f is either nonpositive or nonnegative, A UA_ = R. Since
R is connected, there is « € AL NA_ and so f =ae. O
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Example 2.22. Consider R™. A standard order in R" is given by @ > y if and only if z; > y; for any
i=1,...,n. It is a Riesz space with & Vy = (max{x1,91},...,max{z,, y,}). It is also a Banach lattice with
all standard norms.

Another often used order in R™ is called the lexicographical order and is defined by & > y if and only if
there exists k € {0,...,n} such that 1 = y;,...,2x = yx and xx11 > xp. It is a totally ordered Riesz
space with x V ¢ being the bigger element. The positive cone e.g. in R? consists of the open right half-plane
{(21,22); x1 > 0} and the semiaxis {(x1,x2); 1 = 0,22 > 0}. We observe that this is not an Archimedean
space. Indeed, since (n=%,0) > (0, 1) for any n, inf,{(n=1,0)} # 0.

Ezxample 2.23. Typical examples of Riesz spaces are provided by function spaces. If X is a vector space of
real-valued functions on a set {2, then we can introduce a pointwise order in X by saying that f < ¢ in X if
f(x) < g(z) for any x € S. Equipped with such an order, X becomes an ordered vector space. Let us define
on X x X the operations fV g and f A g by taking point-wise maxima and minima; that is, for any f,g € X,

(f vV g)(x) := max{f(z),g(x)},

(f AN g)(x) := min{f(z), g(x)}.
We say that X is a function space if fV g,f AN g € X, whenever f,g € X. Clearly, a function space
with pointwise ordering is a Riesz space. Examples of function spaces are offered by the spaces of all real

functions R or all real bounded functions M (£2) on a set §2, and by, defined earlier, spaces C(£2), C(£2),
or l,, 1 <p < oo.

If {2 is a measure space, then all above considerations are valid when the pointwise order is replaced by
f <gif f(z) < g(x) almost everywhere. With this understanding, Lo(f2) and L, ({2) spaces with 1 <p < oo
become function spaces and are thus Riesz spaces.

These are also Banach lattices under standard norms.

Ezample 2.2/. Consider the Banach space C*([0,1]) with the norm

— !
1711 = max |f(s)] + max |f'(s)

and the natural order inherited from C([0,1]). Since sup{t,1 — ¢} ¢ C*([0,1]), this is not a vector lattice.
Moreover, the norm is not compatible with the order. Indeed, if we take f(s) = 1 and g(s) = sin2s for
s € [0,1], we have g < f but [|g]| > |¢'(0)] =2 > 1 = [|f]|.

Example 2.25. On the other hand, consider the space W (0, 1). It follows that the absolute value of a function
from W4(0,1) is still in W3(0,1), so W2 (0,1) with the order inherited from L;(0,1) is a vector lattice.
However, as in the above example, the norm is not compatible with the order. Indeed, ||f]| = 1 but

1 1 1
lgl® = / sin?(2s)ds + 2/ cos?(2s)ds = 1 —|—/ cos?(2s)ds > 1.
0 0 0

Example 2.26. Two classes of Banach lattices play an important role in our considerations: AL- and AM-
spaces. We say that a Banach lattice X is

(i) an AL-space if ||z + y|| = |[z]| + [Jy|| for all z,y € X,
(ii) an AM-space if ||z V y|| = max{||z||, ||y||} for all z,y € X .
Standard examples of AM-spaces are offered by the spaces C(£2), where §2 is either a bounded subset of R,

or in general, a compact topological space. Also the space Lo (§2) is an AM-space. On the other hand, most
known examples of AL-spaces are the spaces Lq(£2,du).

The importance of AL-spaces stems from the fact that increasing and norm bounded sequences (z,,),cn are
norm convergent. As usual, we can restrict our considerations to positive sequences. Since (||z,]|)nen is also
increasing, its boundedness implies that it converges. Then for m > n we have
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[€m = x|l = l2m = 2al + [[2nll = [2nll = [l2m || = [lzn]]

and hence (z,)nen is a Cauch sequence. These examples exhaust all (up to a lattice isometry; that is,
topological isomorphism that preserves lattice operations) cases of AM- and AL-spaces. However, particular
representations of these spaces can be very different.

We note that the existence of suprema or infima of finite sets, ensured by the definition of a Riesz space,
does not extend to infinite sets. This warrants introducing a more restrictive class of spaces.

Definition 2.27. We say that a Riesz space X is Dedekind (or order) complete if every nonempty and
bounded from above subset of X has a least upper bound. X is said to be o-Dedekind or (c-order) complete,
if every bounded from above nonempty countable subset of X has a least upper bound.

Remark 2.28. In some definitions, [2, p. 12], for a Riesz space X to be order complete, it is enough if any
directed upward set of nonnegative elements has a supremum in X. Here, a set S C X is called directed
upward if for any z,y € S there is z € S such that x < z and y < 2. We prove that the supremum of any
set (if it exists) can be obtained through a directed set of nonnegative elements so that both definitions are
equivalent.

Let S be a nonempty subset of X. First, we show that sup S can be replaced by sup S, where S is the set
of all suprema of finite collections of elements from S. It suffices to show that the sets of upper bounds for
both sets are the same. If v is an upper bound for S, then u > s for any s € S but then, from the definition
of supremum, u > z for any x € S. Conversely, if v is an upper bound for S, then, because the supremum of
a set is not smaller than any of its elements, we obtain u > s for any s € S. Hence both suprema exist or do
not exist at the same time and are equal in the former case. By the second equation of (2.1.2) we see that
the set S is directed. Note that we have proved even more: for any x,y € S we can take z = sup{z,y} € S.

Next, let zyp € S. Then sup S and sup Sy := sup{x € S; = > zp} either both exist and are equal, or do
not exist. In fact, clearly any upper bound for S is also an upper bound for S;. Conversely, if u is an upper
bound for Sy, then for any x € S, sup{zg,z} € S and thus sup{z¢,z} € S so that u > sup{zo,z} > z.
Hence we always can replace S by a set of nonnegative elements using the shift

supS =sup{z € S; z > xo} =sup{z —zo; z € S, 2 — 9 > 0} + xo.

Ezxample 2.29. Order complete Riesz spaces are Archimedean. To show this, let X be an order complete Riesz
space and assume that x < n~ly for some z,y € X, and any n € N. Because u = sup{nz; n € N} exists in
X, we can write nz = (n+ 1)z — < u — z. Taking the supremum of both sides, we find v < u — = which
yields x < 0. Because z is positive, we have z = 0.

Ezample 2.30. The space C([0,1]) is not o-order complete (and thus also not order complete). To see this,
consider the sequence of functions given by

1 forOSxS%—%,
fale)=qn(3—2z) for i — L <a<l
0 for%<x<1.

This is clearly an increasing sequence bounded from above by g(z) = 1. However, it converges pointwise to
a discontinuous function f(xz) =1 for z € [0,1/2) and f(x) =0 for x € [1/2,0]. In general, spaces C({2) are
not o-order complete unless {2 consists of isolated points.

On the other hand, the spaces [,, 1 < p < o0, are clearly order complete, as taking the coordinatewise
suprema of sequences bounded from above by an [, sequence produces a sequence which is in /.

If we move to the spaces L,(§2),p € {0} U [1,00], then the problem becomes more complicated. Because
the measure is o-finite, the supremum and the infimum of a countable subset of measurable functions are
measurable, Lo(f2) and Lo ({2) are o-order complete by definition, and the spaces L,(£2) also are o-order
complete by the dominated convergence theorem for Lebesgue integrals.
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The proof that they are also order complete is much more delicate; see [1, Problem 1.6.5]. We recall that u
is assumed to be o-finite and S C Lo(f2). By Remark 2.28 we can assume that S consists of nonnegative
elements satisfying sup{f, g} € S whenever f,g € S. Let £2 = |J,—; £2,, with 0 < p(£2,) < +00 and define
p: Lo+(£2) = [0,00) by

= d .
A= ey | T
2n
It is clear that p has the following properties: (a) f € L1 4 (2) satisfies p(f) = 0 if and only if f = 0; (b) if
0 < f<gand p(f) = p(g), then f = g; and (c) if (fn)nen C Lo +(£2) converges to f in an increasing way,

then p(fn) = p(f).

The function p is bounded on Lo 1 (£2), therefore we can set m := sup,cg p(g) < 400 and choose a sequence
(fn)nen C S such that p(f,) converges to m. Because S was assumed to be a directed set, we can construct
this sequence to be increasing. Furthermore, S is bounded from above and (f,),en is countable, thus it
follows that there is f € Lo 4 (£2) such that f,, converges to f in an increasing way. By property (c), we also

have p(fn) / p(f)-

We show that f =supS. First, f is an upper bound for S. In fact, let g € S. Then sup{g, f.} € S for any
n € N and by (2.1.2) we get sup,,{sup{g, fn}} = sup{g, f}. From f,, <sup{g, f»} and p(sup{g, fr}) < m we
obtain by (c) that p(sup{g, f}) = m. Because 0 < f < sup{g, f}, property (b) gives f = sup{g, f}, hence
f > g and f is an upper bound for S. Let h € Ly(£2) be another upper bound. Then f,, < h, but because f
is the pointwise limit almost everywhere of (f,,)nen, we have f < h and thus f =sup S € Lo 4 (£2).

The fact that L,({2) are also order complete for 1 < p < oo then follows from the Lebesgue dominated
convergence theorem for p < +00 and directly from the definition for p = co.

3 Sublattices, Ideals and Bands

We observe that a vector subspace Y of a vector lattice X, which is ordered by the order inherited from X,
may fail to be a vector sublattice of X in the sense that Y may be not closed under lattice operations. For
instance, the subspace

Y= {f € Ly(R) : /f(t)dtzo}

does not contain any nontrivial nonnegative function, and thus it is not closed under the operations of taking
feor |[f.

Accordingly, we call Y a vector sublattice if Y is closed under lattice operations. Actually, it is sufficient (and
necessary) if it is closed under one lattice operation; that is, Y is a vector sublattice if one of the following
conditions holds: (i) x| € Y; (ii) 24 € Y, whenever z € Y.

A subspace I of a vector lattice is called an ideal if for any x,y € X, y € I implies |[y| € [ and 0 < z < y
implies « € I; ideals are automatically vector sublattices. A band is an ideal that contains suprema of all its
subsets.

Since vector sublattices, ideals and bands are closed under intersections, a subset S C X uniquely determines
the smallest (in the inclusion sense) vector sublattice (respectively, an ideal, a band) in X containing S, called
the vector sublattice (respectively, ideal, band) generated by S.

Proposition 2.31. If S = {z}, © > 0, consists of a single point, then the ideal generated by it, called the
principal ideal generated by x, is given by

E, ={y € X : thereexists A > 0 such that |y| < Az} = U kl—x,x].
keN
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Proof. Let I = {y € X : there exists A > 0 such that |y| < Az}; of course the second equality is obvious. I
is an ideal containing x. Indeed, if y1,y> € E,, then there are ki, ks > 0 such that —k1z < y; < kyy; and
—kox < yo < koya. Thus ayr + By € (|alky + |Blk2)[—x, 2] C I. Also, if 0 < y € I, then y < Az for some
A > 0. Hence, if 0 < z < gy, then 0 < z < Ax and so x € I. Thus, we have F, € I by definition. On the other
hand, let y € I, then |y| < Az for some A > 0, but then |y/A| < z. This means y/\ belongs to any ideal
containing x and hence y € E,. 0O

If for some vector e € X we have E. = X, then e is called an order unit.

Ezample 2.32. Any strictly positive function is an order unit in C'({2), 2 compact.

Theorem 2.33. Let X be a Banach lattice, e € Xy and let E. be the principal ideal generated by e and
define
lylle = inf{\ > 0; y € A\[—e, €]}, y € E.. (2.3.10)

Then (E.,| - |le) is an AM -space having e as an order unit.

Proof. To prove that || - || is a norm, first let ||y|| = 0. This shows that —Ae < y < Ae for any A > 0 and
hence, since X is Archimedean, |y| = 0 yielding y = 0. Homogeneity follows from

A A
lay|le = inf{A > 0; ay € A[—e,e]} =inf{\ > 0; |aly € A\[—e, €]} = | inf {|a >0; y¢€ |Oé|[—e,e}} .
Similarly, if —Aje <2 < Aje and —Age <y < Age for any Ay > ||z]|. and A2 > ||y]|e, then
—Ae— e <x+y < Ae+ e
Hence, inf{\ > 0; z +y € A[—e,e]} < Ay + Ag for any Ay > ||z||. and Az > ||ly||. and so
2+ ylle < llzlle + llylle-

Further, it is clearly a lattice norm satisfying ||z||. = |||z]]|e-

Let 0 < x,y € E.. We may assume ||z|le < |ly|le. Let ||y|le < ¢ for some ¢ > 0. Then z,y < ce and hence
0 <z Vy < ce but this implies ||z V y||. < ¢ for any ¢ > ||y||. and hence ||z Vylle < ||y|le = max{||z||, [|y]lc}-
On the other hand, since || - ||, is a lattice norm and z,y < x V y, max{||z|l, [|ylle} < [z V y]le.

Finally, let (x,,)nen be a Cauchy sequence in the norm || - ||.. By selecting a subsequence, we can assume that
|Zn+1—n|le < 27™. This means, however, that |z, 11 —x,| < 27 "e. Using the fact that X is a Banach lattice,
we have ||2n+1 — 2| < 27"|le|| and thus lim,,_, o z, = z € X. Furthermore, for any n and m =n+p >n
we have

P p—1
|Zntp — 2| < Z(a:nﬂ — Tpgp-1)| < €277 Z 27t < 2l e,
i=1 i=0
Since the modulus is continuous in the norm of X, we find
|z — 2, <27 (2.3.11)

for any n. From the definition of infimum, |z| < ||z||.e. This shows, in particular,
2] < za] +e < (14 [zle)e
and thus z € E, and therefore (2.3.11) shows that
Tim 2 — 2. = 0.

That e is an order unit of F, follows directly from Proposition 2.31. O
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As a corollary we note

Corollary 2.34. Let X be a Banach lattice and e € X 4. If A C E, is relatively compact in (E., || - |lc), then
supA € E..

Proof. Since [—e, e] is the unit ball in E., for any n there is {=},..., 2} } C A such that
Tn
AcC U{CE € E; 27 +n e €]}
i=1
Define z,, = 2'V---Va] . Forany x € A, since z < z}'+n~'e for some i € {1,...,r,}, we have z < z,+n"te.
Such a z, can be created for any n. Let y, = 21 V...V z,. Let us fix n and arbitrary p € Ny. Then
Yntp = 21V.. Nznyp = (z1V.. . Val V.. v (zPPv.. VP ) and since any abi=1,. . r,k=1,...,n+p

belongs to A, we have
Zn < Yn < Yn+p < Zn + n_167

or
0< Ynip —Yn <n'e

for all p > 0. This shows that for any € > 0 there is n = [¢~!] + 1 such that ||yx — yn|le < € for any k > n.
Thus (yn)nen is a Cauchy sequence and there is E, 3 y = lim,, o0 Yn.

By construction, for any z € A and for any n there is z}* € A such that
x <l +nle< y—l—n_le

and since n is arbitrary, y is an upper bound for A. On the other hand, if z > z for any = € A, then 2, < z
for any n and hence
y < zn+n_1e < z+n"le

for any n, leading to y < z. Thus y =sup 4. O

3.1 Complexification

In some cases, especially when we want to use spectral theory, we need to move the problem to a complex
space. This is done by the procedure called complezification.

Definition 2.35. Let X be a real vector lattice. The complezification X¢ of X is the set of pairs (x,y) €
X x X where, following the scalar convention, we write (x,y) = x + iy. Vector operations are defined as in
scalar case

1+ Y1 + T2 +iy2 = 21 + 2 +i(y1 + y2),
(o +if)(x +iy) = ax — By +i(Bz + ay).

The partial order in X¢ is defined by
xo +iyo <z +iyp if andonly if x¢ < z1 and yo = y1. (2.3.12)

The operators of the complex adjoint, real part, and imaginary part of z = x + iy are defined through:

Z=x+1iy=x—1y,
zZ+2z

Rz = =z,
2
z2—z
Sz = =1.

2
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Remark 2.86. Note, that from the definition, it follows that > 0 in X¢ is equivalent to x € X and = > 0
in X. In particular, X with partial order (2.3.12) is not a lattice.

It is a more complicated task to introduce a norm on X because standard product norms, in general, fail
to preserve the homogeneity of the norm.

Example 2.37. Let us norm X¢ = X x X by the Euclidean norm. Then,
1L+ @) (2 +ay) 1> = 2(]|[* + [ly[I*),
and on the other hand,
11+ )@+ ay)|* = [z —y) + iz + YII* = llz = ylI* + [l= + yII?
which gives the parallelogram identity in X yielding X to be a Hilbert space.
The simplest norm, compatible with multiplication by complex scalars, is

|z +iyllc = sup |lzcosf+ ysinb|. (2.3.13)
0€[0,27]
It can be proved, [1, Problem 1.1.7], that this is a norm satisfying

1 .
Uzl + 1yl = llz + dylle < llzll + llyll

so that topological properties of X and X are the same.

The disadvantage of (2.3.13) is that (X¢, || - [|¢) will usually not inherit the lattice structure from X. Thus it
is important to find a norm on X¢ which is compatible with the order in X¢. This is done by first introducing
the modulus on X¢. In the scalar case we obviously have

sup («cosf + Bsinf)

0€[0,27]
=|a+if3| sup (L cosf + _B sin )
9ef0,2n] /a? + 52 Va2 + (2
= |a+iB| sup cos(f —6y) = |a+if], (2.3.14)
0€0,27]

where cosfy = a/+/a? + 32 and sin 0y = 3/4/a? + $2. Mimicking this,we have
Proposition 2.38. For z + iy € X¢, the modulus

|z +iy| = sup (xcosf+ ysinb)
0€[0,27]

exists.

Proof. Consider e = |z| + |y| > 0 and E.. Since X is a Banach lattice, E. is an AM-space with the unit e.
Then zcosd + ysinf € [—e,e] C E, for any 6 € [0, 27]. Further, since linear operations are continuous (in
E. as well) and [0, 27] is compact, we see that

A ={zcosb+ysinb; 0 € [0, 2]

is compact in E,.. Thus, by Corollary 2.34, sup (xzcosf+ ysinf) exists. 0O
0€[0,27]

Such a defined modulus has all standard properties of the scalar complex modulus, [1, Problem 3.2.2]: for
any z,z1,29 € X¢ and A € C,
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(a) |z] > 0 and |z| =0 if and only if z =0,
(b) [Az] = [A[l=];
(¢) |21 + 22| < 21| + |22| (triangle inequality),

and thus one can define another norm on the complexification X by
1zlle = llz +iylle = [llo + dyll- (2.3.15)

Properties (a)—(c) and |z| < |z|, |y| < |2| imply

1
Ul + Myl < ll=lle < llell + llyll,

hence || - || is a norm on X¢ which is equivalent to || - |[[c. As the norm || - || is a lattice norm, we have
lIz1lle < |l22]|c, whenever |z1] < |22|, and || - || becomes a lattice norm on Xo. We observe that z — |z] is
continuous with repect to || - ||c-

Definition 2.39. A complex Banach lattice is an ordered complex Banach space Xc that arises as the
complezification of a real Banach lattice X, according to Definition 2.35, equipped with the norm (2.3.15).

4 Some other stuff

The principal band generated by x € X is given by
Br ={y € X : sup{ly| Anlel} = lyl},
ne

An element e € X is said to be a weak unit if B, = X. It follows that e > 0 is a weak unit in a vector lattice
X if and only if for any x € X, |x|Ae = 0 implies = 0. Every order unit is a weak unit. If X = C({2), where
{2 is compact, then any strictly positive function is an order unit. On the other hand, L, spaces, 1 < p < o0,
will not typically have order units, as they include functions that could be unbounded. However, any strictly
positive a.e. L, function is a weak order unit.

An intermediate notion between order unit and weak order unit is played by quasi-interior points. We say
that 0 # u € X, is a quasi-interior point of X if F,, = X. We have

Lemma 2.40. [1, Lemma 4.15] For u > 0 the following are equivalent.

(a) u is a quasi-interior point of X ;
(b) For each x € X we have lim,,_, o || Anu — z|| = 0;

(c) If 0 < x* € X7, then (x*,u) > 0.

It is clear that f € L,(2,1),1 < p < oo, where p is o-finite, is a quasi-interior point if and only if f(s) >0
for almost all s > 0.
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Operators on Banach Lattices

1 Types of operators

Definition 3.1. A linear operator A from a Banach lattice X into a Banach lattice Y is called positive,
denoted A > 0, if Ax > 0 for any x > 0. An operator A is called strictly positive if Ax > 0 for any = > 0.

Proposition 3.2. An operator A is positive if and only if |Azx| < Alz|.

Proof. The proposition follows easily from —|z| < x < |z| so, if A is positive, then —Al|z| < Az < A|z|.
Conversely, taking z > 0, we obtain 0 < |Az| < Alz| = Az. O

Proposition 3.3. If A is positive, then

lAl = swp ],

20, [|z[|<1
Proof. Because [|A| = sup|, <1 [|[Az|| > sup,>¢ <1 [[Az]], it is enough to prove the opposite inequality.
For each z with ||z|| <1 we have |z| = 24 +2_ > 0 with ||z|| = |||z]|| < 1. On the other hand, A|z| > |Az]|,
hence [|Alz|[| > [[|Az||| = [|Az[|. Thus sup <1 [[Az|| < sup,> <1 [[Az[| and the statement is proved. O

Remark 3.4. As a consequence, we note that if 0 < A < B, then ||A|| < ||B||. Moreover, it is worthwhile to
emphasize that if there exists K such that ||Az| < K||x|| for > 0, then this inequality holds for any = € X.
Indeed, by Proposition 3.3 we have ||A|| < K and using the definition of the operator norm, we obtain the
desired statement.

The space of linear operators JL(X,Y) (between real ordered vector spaces) is an ordered vector space
becomes an ordered vector space by defining A; > A, if and only if A; — Ay > 0. We introduce two further
classes of operators.

Definition 3.5.

The operator A € L(X,Y) is called reqular if A can be written as A = Ay — As, where A1, Ay are positive
operators. The space of reqular operators is denoted by L.(X,Y).

The operator A € L(X,Y) is called order bounded whenever it maps any order interval of X into an order

interval in' Y. The space of order bounded operators is denoted by Ly(X,Y).

We observe that A is regular if and only if it is dominated by a positive operator that is, there is a positive
B such that A < B. Further, A is order bounded if and only if it maps intervals of the form [0, z] in X into
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intervals in Y. Hence, in particular, positive operators are both regular and order bounded. Similarly, any
regular operator is order bounded.

Positive operators are fully determined by their behaviour on the positive cone. Precisely speaking, we have
the following theorem.

Theorem 3.6. [2, Theorem 1.10] If A : X1 — Y, is additive, then A extends uniquely to a positive linear
operator from X to Y. Keeping the notation A for the extension, we have, for each x € X,

Az = Azy — Ax_. (3.1.1)

Proof. Because the operation of taking positive and negative part is not linear, it is not a priori clear that
Az := Az, —Ax_ is an additive operator. However, by taking two representations of x: x = x4 —x_ = 1 —x2
with x4, z_, 21,22 > 0, we see that x4 + 2 = x_ + x1 so that Axzy — Ax_ = Ax; — Azs and Ax is
independent of the representation of z. As ¢ +y = x4 + y4+ — (z— + y_) is a representation of z + y we see
that A(z +vy) = A(zy —2_) + Ay —y-) = Az + Ay.

To prove homogeneity of A, we first observe that if 0 < y < x, then Ay < Az. Obviously, from the additivity,
it follows that A is finitely additive and satisfies A(—z) = —A(z); thus it is homogeneous with respect to
rational numbers. Indeed, taking r = p/q, where p and ¢ are integers, we have

pA(z) = Alpz) = A (an:) —gA <§m> .

Now, let z € X, A > 0, and choose sequences of rational numbers (7, )nen and (¢, )nen satisfying 0 < r,, <
A < t, for all n € N and monotonically converging to A. From the homogeneity for rational numbers we

obtain
rnA(z) = A(rpz) < A(\z) < A(tpz) = thA(x),

from where, using the fact that X is Archimedean, we obtain A(Az) = AAz. Finally, by taking arbitrary
z € X and A > 0 we have

AAz) = AQdzy) — A(dz-) = AMA(zy — 22)) = Mz,

and for A < 0 the thesis follows by
A(Az) = —A(—Ax) = MAz.

Finally, let us denote by B any other linear extension of A. It must be a positive operator and because it is
linear it must satisfy
Bx=B(zy —x_)=Bxy — Bx_ = Axy — Az_ = Az,

and hence the extension is unique. O

Another frequently used property of positive operators is given in the following theorem.

Theorem 3.7. If A is an order bounded operator from a Banach lattice to a normed Riesz space, then A is
bounded.

Proof. By Proposition 2.19 (5), the order interval is norm bounded.
If A were not bounded, then we would have a sequence (z,)nen satisfying ||z, = 1 and ||Az,|| > n?,
n € N. Since ||Az,| < ||Azn +| + |Azn,—||, we may assume that one of the sequences, (||A%yn, +|)n>1 or

(| A2y, —||)n>1 is greater than n3. So, we can assume that we have
w20, faonll <1, [JAzy | = n®.

Because X is a Banach space,
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n"%x, € X.

M

n=1

Because 0 < z,,/n? < z, all elements {/n?},,>1 are contained in the order interval [0, z]. On the other hand,
| A(2,,/n?)|| > n which contradicts the definition of an order bounded operator. O

Corollary 3.8. Any positive operator A defined on the whole space is norm bounded.

Ezample 3.9. The assumption that X in Theorem 3.7 is a complete space is essential. Indeed, let X be a
space of all real sequences which have only a finite number of nonzero terms. It is a normed Riesz space
under the norm ||| = sup, {|z,|}, where = (z,,)nen. Consider the functional

flz) = i::lmw

It is a positive everywhere defined linear functional. However, taking the sequence of elements x,, =
(1,1,...,1,0,0,...), where 0 appears starting from the n + 1st place, we see that ||z,|| =1 and f(x,) =n
for each n € N so that f is not bounded.

A striking consequence of this fact is that all norms, under which X is a Banach lattice, are equivalent as
the identity map must be continuously invertible, [2, Corollary 12.4].

Theorem 3.10. Let X and Y be Banach lattices with Y being Dedekind complete. A linear operator A :
X =Y is order bounded if and only if it is reqular. Furthermore, Ly(X,Y) is Dedekind complete with the
set of positive operators from X to'Y being the positive cone.

Proof. We noted earlier that regular operators are order bounded. For the converse, let A : X — Y be order
bounded. Then, for any given = € X, the set {Av; 0 < v < z} is contained in an order interval in Y. Since
Y is Dedekind complete,

ax) :=sup{Av; 0 <v <z}

exists in Y. We observe that
a(z) >0, alz) > Az, z€ Xy4. (3.1.2)

We prove that « is additive on X . Consider 21,22 € X . Then
a(z1) + a(ze) =sup{A(v1 + v2); 0 < vy < 21,0 <oy <ao} < alxg + z2).

To prove the reverse inequality, let 0 < v < x1 + 2. By the Riesz decomposition property, Proposition 2.15,
there are 0 < v; < x7 and 0 < vy < 9 such that v = v + v9 and hence

Av = Avy + Avy < az1) + a(zg).

Taking the supremum gives a(z1 + x2) = a(r1) + a(x2). So, « is an additive mapping from X, to Y, and
thus, by Theorem 3.6, it extends to a linear positive operator on X. Denote it by A; and define A, = A; — A.
By (3.1.2), A1, Ay > 0 and thus A = A; — Ay implies that A is regular.

Next we prove that £L,(X,Y) = JL.(X,Y) is Dedekind complete. Let A € L3,(X,Y) and
Az =sup{Av; 0<v <z}, z€X,.

Then, as noted above, A; is an upper bound of both A and the nul operator. If A’ is another upper bound,
then A’z > A'v > Aw for any 0 < v < x, since A’ is a positive operator (being an upper bound for the zero
operator). Hence

A'z > sup{Av; 0 <v <z} = Ax.

Hence A; is the least upper bound, or supremum, of A and 0, A; = AV 0 = AT. If we take now arbitrary
A, B € Lp(X,Y), then
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A+(B—-A);=A+(B-A)Vv0=AVB,
as in Proposition 2.8 (2).

To prove the Dedekind completeness, let D be an upwards directed and bounded from above set in £3,(X,Y) .
Let
7(x) =sup{Tx; T € D}, x€ Xy.

We observe that 7(x) exists in Y, since D is bounded and Y is Dedekind complete. By the definition of
upwards directed set, for any Ay, As € D, there is A3 € D such that A3 > Ay, A3 > A,. Taking x1, 22 € X,
we thus have

A1$1 + AQ.’EQ S A3(£E1 + 1’2) é T(l’l + 152).

Taking suprema, we find
7(z1) + 7(22) < 7(21 + 232)-

The inequality in the opposite direction follows as for any A € D, x1,22 € X4,
A(zy + 22) = A(z1) + A(z) < 7(21) + 7(22)

and taking supremum on the left hand side. Hence the mapping 7 : X, — Y, is additive and thus it extends
to a positive operator Ag : X — Y. Since Agz = sup{Ax; A € D},x € X it must satisfy Ag =supD. O

Theorem 3.11. As before, let X and Y be Riesz speces with Y being Dedekind complete, and let A, B €
Ly(X,Y). Then, for any x € X1, we have

1. Ajz = sup{Av; 0 <v <z},

2. —A_x = inf{Av; 0 <wv <z},

3. (AV B)(z) =sup{Av+ Bw; v > 0,w > 0,v +w = z},

4. (AN B)(z) = inf{Av + Bw; v > 0,w > 0,v + w = x},

5. |Al(z) = sup{Av; |v| < x} = sup{|Av|; |v] <z},

and for any x € X
6. | Az] < |A[(|f).

Proof. The operator A, as defined above, coincides with the operator A; defined in the previous proof, where
it was also proved that A; = AV 0 and hence A, indeed is the positive part of A. Then, by Proposition 2.10
and Proposition 2.8 2. & 3.,

—A_x=Ar— A,z = Az —sup{Av; 0 <v <z} =Ax+inf{—Av; 0 <v <z}

=inf{A(z —v); 0 <wv <z} =inf{Az; 0 <z <z},

which proves 2.

To prove (3), we define A3 = A1V Ay so that, as in Remark 2.9, A5 = Ay + (A; — As) 1. Thus, by Proposition
2.8 2.,
Aszz = sup{(A; — A2)y; 0 <y < x} + Apx = sup{(A1y + Az(z —y); 0 <y < x}

which is the desired result. The proof of (4) is analogous.

To prove (5), we have
|A|(z) = Ayz+A_x =sup{Ay; 0 <y <a}+sup{—Az; 0<z <z} =sup{A(y—=2); 0<y<z,0<z <z}
Since 0 <y < z,0 < z < z implies |y — z| < z, we have further

|A|(x) = sup{Af; |f| < x}.
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On the other hand, |f| < x implies
Af <[Af[ < A[([f]) < [A[(2)

and so
sup{Af; |f| <z} <sup{|Af[; [f] < 2} < [Al(z)

from where (5) follows.

1.1 Positive functionals

A particular role among linear operators is played by linear functionals. As in the case of operators, functionals
can be order bounded, regular, positive. In particular, a functional z* is said to be positive if (z*,z) > 0 for
any v € X .

Definition 3.12. The space of all order bounded functional on X is denoted by X~ and is called the order
dual of X.

The set of all (order bounded) positive functionals is denoted by X7".

Since R is Dedekind complete, we have

Corollary 3.13. If X is a Riesz space, a linear functional on E is order bounded if and only if it is reqular.
The space of all order bounded funcytionals X~ is a Dedekind complete Riesz space.

Proposition 3.14. For every v € X, x € X if and only if (x*,x) > 0 for any z* € X7 .

Proof. If x € X, then (z*,x) > 0 for any 2* € X} by definition.

To prove the proposition in the opposite direction, consider x € X such that (z*,z) > 0 for any z* € X}
and assume x ¢ X . Since {z} is compact and X7 is closed, the Hahn-Banach theorem (geometric form)
asserts that there is 2* € X™* such that

) < inf (x¥,y).
(27, 2) < inf (2%y)

We prove that * € Xx*. Indeed, if it was not true, then there would be an element yy € X such that
(x*,y0) < 0. Since tyg € X for any ¢ > 0

* inf (2%, y) <inf(z*, tyo) lim t(a*, y) = —
(x*,x) < yler}q(x Yy < grzl()@: s tyo) lim t{z”, o) o0

that is a contradiction. Hence z € Xy. O
It turns out that the adjoint X* of a vector lattice with a lattice norm is a Banach lattice, [2, Theorem 4.1].

The positive cone X} in X™ is precisely the cone of positive functionals in the sense of Definition 3.1. In
particular, if (x*,2) > 0 for any = > 0, then z* is called strictly positive.

1.2 Positive operators on complex Banach lattices
We introduced the concept of complex Banach lattice X in Section 3.1. We begin with a simple observation.
Proposition 3.15. Any positive linear operator A on X¢ is a real operator; that is, A : X — X.

Proof. Let X > ¢ = 4 — x_. By definition, Azy > 0 and Az_ > 0 so Az, Az € X and thus Ax =
Azy —Az_ € X. DO
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If A is a linear operator on X, then it can be extended to X according to the formula
Ac(x +iy) = Ax + iAy.

If we use the norm (2.3.13),

|l +iyllc = sup |Jxcosd+ ysind|.
0€(0,2

l

Clearly, we have ||A]| < ||Ac||c. Moreover,
[(Az)cos 6 + (Ay)sin 6| < [|Al|[|z cos 8 +ysinO)|| < [|All[|z + dy]l,
thus taking supremum over § we obtain ||A¢| < ||A]| and finally

[Acllc = Al (3.1.3)

As we noted earlier, the disadvantage of (2.3.13) is that (X¢, ||+ ||¢) is not consistent with complex operations
on X¢. Thus, we defined another norm, (2.3.15),

12lle = llz +dylle = [[|lz + dylll

We observe that if A is a positive operator between real Banach lattices X and Y then, for z = z + iy € X¢,
we have
(Azx)cos 0 + (Ay)sinfd = A(z cosf + ysinf) < Alz|

and therefore |Acz| < A|z|. Hence for positive operators
[Aclle = IIAll (3.1.4)

There are examples, where ||A]| < ||Ac||c, contrary to the previous complexification norm (see [1, Problem
3.2.9)).

Note that the standard L,(§2) and C(£2) norms are of the type (2.3.15). These spaces have a nice property of
preserving the operator norm even for operators which are not necessarily positive. To show this for L,(2),
let us note that, in a similar way to (2.3.14),

/\acos@+ﬁsin9|pd¢9:|a+i6|p/|cos(0790)|pd¢9:@|a+iﬂ|p,

where © = ["_|cos |Pdf. Therefore

ezl = [ I(42)w) + iCAy) @) Pd
2
e / / |(Az) (w)cos 0 + (Ay)(w)sin 0P dfdu
2 —7

:@_1//|(A(:1ccos€—|—ysin9)(w)|pdwd9

-7 2
< Al / o1 / 2(w)eos B+ y(w)sin 62d6 | dw = || A ]2|1.
0 —T

For C(£2) this follows by (2.3.14) as we can interchange the order of taking suprema.
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2 Perron—Frobenius theorems

2.1 Basics of spectral theory

Let A € L(X). The resolvent set of A is defined as
p(A)={\eC; A\ — A: X — X is invertible}. (3.2.5)

We call (A — A)~! the resolvent of A and denote it by R(\, A) = (M — A)~!, for A € p(A). The complement
of p(A) in C is called the spectrum of A and denoted by o(A). In general, it is possible that either p(A)
or o(A) is empty. In what follows we always assume that the resolvent set is non-empty. The spectrum is
usually subdivided into several subsets. First,

e Point spectrum o,(A) is the set of A € o(A) for which the operator A\I — A is not one-to-one. In other
words, o,(A) is the set of all eigenvalues of A.

o Continuous spectrum o.(A) is the set of A € o(A) for which the operator AI — A is one-to-one and its
range is dense in, but not equal to, X

o Residual spectrum o,(A) is the set of A € o(A) for which I'm (A — A) is not dense in X.

If A is bounded, then the number

r(A) = limsup /|| A"l (3.2.6)

n— oo

is called the spectral radius.

Theorem 3.16. Let X be a Banach space and let A be a linear operator with domain D(A) C X. Then the
following assertions are true.

1. The resolvent set p(A) is open, hence the spectrum is closed.
2. The mapping p(A) = R(\, A) € L(X) is complex differentiable. Moreover, for k € N we have

%R(/\»A) = (~1)*KIR(\, A)" . (3.2.7)

3. If A e L(X), then for every A € C with |\| > r(A) we have X € p(A) and

R\, A) = S A~ (b gn (3.2.8)

n=0
where the series converges in the operator norm for |A| > r(A) and diverges for |\| < r(A). Moreover
r(A) = sup [A| (3.2.9)
Xeo(A)
Proof. Ad 1. & 2.) Let pu € p(A). Then
A= A = (1= (= N R(u, A)(uI — A)

and
(1= X)"R(p, A)"* (3.2.10)

118

R(\ A) =

n

0
for |u — A| < ||R(u, A)||~t. This shows that p(A) is open and hence o(A) is closed. Moreover, R(-, A) is
analytic in p(A4) and (3.2.7) follows by comparing (3.2.10) with the Taylor expansion of R(\, A).

Ad 3.) If A € L(X), then, by writing
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A
I—A=\(I-%
A )\< A)

and using the Neumann series representation, we obtain (3.2.8) that, by Cauchy-Hadamard criterion, con-
verges for [A| > limsup,, . [|A"||# = r(A). This shows that r(A4) > SUpjeq(a){|Al}. To prove the converse,
we observe that R(-, A) is analytic in |A| > supyc,4){|A|} and hence it has a uniquely defined Laurent expan-
sion there. Thus, this Laurent expansion must coincide with (3.2.8). Hence, in particular, nh_}n;o IA""T™| =0

for [A| > supye,(a){[Al}. For any e there is A such that supc,4){|Al} < [Al < €+supycya){[A} and hance
for sufficiently large n we have

[A™[] < A" < <6+ sup {/\|}>

A€o (A)

and this shows 7(A4) < supye,a){[Al}. O

The resolvent of any operator A satisfies the resolvent identity
R\ A) = R, A) = (1= VRO ARG A), A€ pl(A), (3.2.11)

from which it follows, in particular, that R(\, A) and R(u, A) commute.
For any bounded operator the spectrum is a compact subset of C so that p(A) # (. Clearly, r(A) < ||A4]|. To

show that A € C belongs to the spectrum we often use the following result.

Theorem 3.17. Let A be a closed operator. If N\, — A, A\, € p(A), then A € o(A) if and only if
{IIR(Ans A)||}nen is unbounded. Furthermore, if X € p(A), then dist(\, 0(A)) = 1/r(R(A, A)) > 1/||R(\, A)].

Proof. To prove the first part, let A € p(A). Then, by continuity of R(-, A) on p(A), R(A\, A) is finite. On
the other hand, if ||R(An, A)|| < M for all n, then by (3.2.10) we see that each )\, is a centre of a disc
| — An| < 1/M, where the series converges and therefore defines a resolvent. Because the radii of these discs
do not depend on n, A belongs to some of them, thus A € p(A).

To prove the second part, first we observe that for A € p(A) we have

o(R(O, A))\ {0} = {Aiu e a(A)} . (3.2.12)

Indeed, for a # 0

(aI—R(A,A))fza«A—;)I_A) RO\ A) S

=aR(\ A) <()\— ;) I—A) £,

where in the second line f € D(A) if A is unbounded. Hence, 0 # « € o(R(X, A)) if and only if A\— L € o(A).
Hence, for A € p(A),

dist(A, 0(4)) = inf{|A — pls p € o(A)} = (S“p{ui,ﬂ "e J(A)})l

11
r(R(A, A)) ~ IR, Al

= (max{|al; a € a(R(\, A)}) ! =
O

The peripheral spectrum of a bounded operator A is the set

Operr(A) = 1A € a(A); [N =7(A4)}. (3.2.13)
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Clearly, oper,r(a)(A) is compact and, by (3.2.9), non-empty. Also, r(A) € {|A[; A € 0(A)}. This follows from
the compactness of o(A).

As a more serious application of the theory of Banach lattices, we prove the abstract version of the Perron-
Frobenius theorem. First we note that we can carry the considerations in the complexification of X, if
necessary. Since all operators are positive, the operator norms in the real lattice and its complexification are
equal, see (3.1.4), and we shall not distinguish them in the proofs.

First, we need some preliminary results.
Proposition 3.18. Let 0 < A € L(X) and r(A) be its spectral radius. Then

1. The resolvent R(\, A) is positive for A > r(A).

2. If [\ > r(A), then
(RO A)FI < ROAL AL feX. (3.2.14)

Proof. To prove the first statement, we use the Neumann series representation (3.2.8):
R\ A) = S A~ (FDgn)
n=0

valid for A > r(A). Hence, if A > 0, then the statement follows from the closedness of the positive cone.
The second statement follows similarly, by the triangle inequality for the modulus and its continuity:

N
< lim 3 (AU gy

— 00 =0

N
[RO A f| = | Jim S5 A=FDAnf

N—o00 n=0

N 00
lim 52 ATCTVATS = 3 ATCTRARS] = ROAL AL

N—oo =0

IN

Theorem 3.19. Let r(A) be the spectral radius of a positive operator A on a Banach lattice X. Then r(A) €
o(A).

Proof. Let A\, = r(A) 4+ 1/n, then A, € p(A) for any n. Since A, — r(A), r(A) € o(A) will follow, by
Theorem 3.17, if lim,,_, o || R(An, A)|| = 00.

Since the peripheral spectrum is non-empty, let o € o(A) with |a| = r(A4) and define p, = aA,/|al. We
have p, € p(A) and p, — « so that, invoking Theorem 3.17 again, lim, o0 || R(ttn, A)|| = co. Next, for each
n we pick a unit vector z, > 0, see Proposition 3.3, satisfying

1
1Bk, A)znll 2 5 1Bk, A)]]-

Using (3.2.14) we have
[R(A, A)z| < R(IAl, A)|z]

so that |R(pn, A)zn| < R(An, A)|2z,| and consequently
1
1R A = (1B ALzl = (1R (10 A)znll = 5l R, A
which proves the thesis. O

Theorem 3.20. If A : X — X is a compact positive operator on a Banach lattice X with r(A) > 0, then
r(A) is an eigenvalue with positive eigenvector.
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Proof. Let 7(A) > 0. As above, we put A,, = 7(A)+ 1/n so that A, | r(A) and |R(A\,, A)|| = oo as n — oo.
Furthermore, for each n there is z,, with ||z, || = 1 satisfying

1

We define x,, = R(Ay, A)zn/||R(An, A)zy|| and note that x,, is a vector with ||z,| > 1/2. From

Tn Zn

Az, —r(A)z, = A\, —7(A))zp + Az — A2y = — — ——————
(A)zn = (An = r(4) w  TROw, Azl

we obtain
|Azn —r(A)zy]| =0, n— oo

Since A is compact, the sequence (Az,)nen has a convergent subsequence which we denote by (Azy)nen
again. Since r(A) > 0 and ||z, || > 1, the above implies that lim, . 2, = > 0 satisfying Az = r(A)z. O

Corollary 3.21. The thesis of Theorem 3.20 remains valid if the positive operator A only is power compact.

Proof. If » = r(A) > 0 and A is power compact, then from the Spectral Mapping Theorem we have

Akgz = r¥2 for some x > 0. The element y = Zi:ol ritAk=1=ig > 0 (from positivity of A, 2 and r), hence

Ay —ry = AFz —rFz = 0.
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