
When does Lp(µ,X) (resp. C(K,X)) contain a

copy of c0, `1, `∞? What about complemented

copies?

Charles S.M. Maepa

Project description

(i) Explanation

Notations and Conventions Assumed

Let X and Y be Banach spaces. We say that X has a (complemented) copy of Y
if X has a (complemented) subspace which is isomorphic to Y . We’ll denote these
by

X ⊃ Y

and
X ⊃(c) Y.

Let X be a Banach space and let (Ω,Σ, µ) be a positive measure space, and 1 ≤ p ≤
∞. Denote by Lp(µ,X) the Banach space of all X-valued p-Bochner µ-integrable
(µ-essentially bounded, when p =∞) functions with the usual norm. That is, the
vectors of Lp(µ,X) are (equivalent classes of) µ-measurable functions f such that

‖f‖p = (

∫
Ω

‖f(w)‖pd(µ(w))
1
p <∞,

if 1 ≤ p <∞, and

‖f‖∞ = ess− sup{‖f(w)‖ : w ∈ Ω} <∞

if p =∞. If X is the scalar field, simply write Lp(µ).

If K is a compact Hasudorff space, we denote by C(K,X) the Banach space of all
continuous X-valued functions defined on K, endowed with the supremum norm,
namely

‖f‖ = sup{‖f(k)‖ : k ∈ K},

and simply write C(K) if X is the scalar field.
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Trivialities will be avoided by assuming that X, C(K) and Lp(µ) are infinite di-
mensional. In the case of C(K), of course, this means that K is infinite, and in the
case of Lp(µ), that the corresponding measure space (Ω,Σ, µ) is not trivial, that
is, it has infinitely many disjoint measurable sets of finite positive measure. We’ll
always assume that our measure spaces are complete.

The Problem Statement

Since X and Lp(µ) are (isometrically isomorphic to) complemented subspaces of
Lp(µ,X) (resp. C(K,X)) it is evident that if either X or Lp(µ) contains a copy (or
a complemented copy) of a Banach space Y , then so does Lp(µ,X) (resp. C(K,X)).
Oftenly, the main interest is in whether the converse is true or not. Therefore the
question in the title can be paraphrased as in the following problem:

Problem∗: Suppose that F is any of the spaces: c0, `1 or `∞. Determine which of
the following implications are true

Lp(µ,X) ⊃ F =⇒ Lp(µ) ⊃ F orX ⊃ F

Lp(µ,X) ⊃(c) F =⇒ Lp(µ) ⊃(c) F orX ⊃(c) .F

The analogous situation can be considered for C(K,X).

The problem mentioned above has a complete solution except for the case of
L∞(µ,X) in which case the answer is known for σ-finite spaces, but for the ar-
bitrary positive measure spaces it is not known. This leads to:

Problem 1. Assuming that (Ω,Σ, µ) is a non σ-finite measure space, when does
L∞(µ,X) have a complemented copy of c0? When does it have a complemented
copy of `1?

These questions (in Problem 1) would be particulary interesting if answered for the
space L∞(µ,X) = `∞(Γ, X). This problem has already been posed in the literature
for complemented copies of c0 in the `∞-sum of an arbirtrary family {Xi : i ∈ Γ}
of Banach spaces.

Lines of research and open problems closely related to the above problem are the
following:

Add to the list of spaces c0, `1 and `∞ in Problem 1 the `r spaces (1 < r < ∞),
namely
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Problem 2. When does C(K,X) or Lp(µ,X) have copies or complemented copies
of `r (1 < r <∞)?

Since no good characterization of spaces containing `r (1 < r <∞) is known, the
general problem seems difficult although partial answers have already been given:
an old known result in this direction states that at least Lp(µ,X) can contain copies
of `r, while neither Lp(µ) nor X does.

Problem 3. If Lp(µ,X) (1 < p <∞) contains a copy of L1([0, 1]), need X contain
a copy of L1([0, 1])? Generally, when does Lp(µ,X) have a copy of L1([0, 1])?

The posing of the foregoing Problem 3 has its roots in Diestel’ work as well as in the
works of E. Saab and P. Saab. What seems open is; What about the complemented
copies of L1([0, 1]). This question is natural even for the cases of L∞(µ,X) and
C(K,X). While a complete characterization for L∞(µ,X) has been shown, nothing
is known concerning the other spaces:

Problem 4. When does C(K,X) or Lp(µ,X) (1 < p < ∞) contain a comple-
mented copy of L1([0, 1])?

Problems considered here can be posed in more general situations, for example,
in locally convex spaces and, in particular, in Fréchet spaces, a probably most
important case. In conclusion, the search for copies of sequence spaces in several
different situations exist:

(a) Tensor products.

(b) Function spaces more general that Lp(µ,X) spaces like Orlicz vector valued
function spaces Lφ(X) or more general E(X) spaces, where E is an order continuous
Banach lattice which has weak unit.

(c) Vector measure spaces or operator spaces.

(d) Vector-valued Hardy spaces.

• Probably, much more remains to be done in these areas.

(ii) Motivation

The questions posed in Problem 1 above are the classical ones extended to the case
of values in a Banach space (concrete such X’s can be used) and are concerned
with the study of the subspaces of a given Banach space leading to the (Bessaga-
Pelczynski and Rosenthals’) old theorems characterizing the Banach spaces which
have copies of c0 or `1. These theorems give a very good insight into the internal
structure of the Banach spaces involved.
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Many properties considered in Banach space theory are connected with the pres-
ence of copies or quotients of certain spaces. For example, property (V ∗) of Pel-
czyski is connected with the existence of complemented `1-sequences. Grothendieck
property is connected with the lack of complemented copies of c0, whereas the con-
tainment of a copy of c0 is connected with the lack of the Radon Nikodym property
of Banach spaces, etc.

(iii) Personal development

Naturally, this project and the area(s) it span(s) prepare(s) the students well in
advance for the analytical and the geometric Banach space theory by arming them
with the rudiments of analysis amenable there. The implications cut across the
realms of a wide spectrum of spaces herein discussed but transplantable to the
important arenas of Applied Analysis. It covers the work traditionally overlap-
ping more with a master’s reading course which, with proper guidance, can be
understood by committed industrious honours students.

The 3rd year recommended book by R.G. Bartle: Elements of Real Analysis gives
sporadic introduction to the sequence spaces and their metric structure as projects,
and so does prepare the students with regard to the prerequisite material for this
particular project.


